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Sompong Prachumchon, Ph.D. 
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The permeation parameters of hydrogen gas in high density polyethylene (HDPE) system 
are sought by comparison with a diffusion model. The method of Green’s functions is 
used to obtain solutions for the diffusion model. Permeation parameters are found from 
transient experimented data during two processes; pressurization followed by 
depressurization. The mechanical compression of HDPE during the pressurization 
process resulted in lower diffusivity coefficient values and higher solubility values. The 
results show that the diffusivity coefficient value in the pressurization process is 37% of 
that during the depressurization process. At the start of the depressurization process, a 
short-duration fast flow rate of the hydrogen gas that is observed experimentally is 
explained by the addition of a contact conductance to the diffusion model. 
Study of the behavior of a pre-existing flaw under depressurization process of the 
HDPE and hydrogen gas system is included. Under quasi-static assumption, a prediction 
of internal pressure inside the flaw caused by diffusion using a constant volume model 
and a varying volume model is given. The results from these models are verified by FEM 
 software COMSOL with a good agreement. Determination guild line of the safety of an 
HDPE with a pre-existing flaw with various sizes from failure by yielding, and the 
critical energy release rate   , and the critical stress intensity factor     is provided. The 
flaw with radius of 4 micron, 20 micron, 40 micron, 80 micron, and 100 micron located 
at various positions inside the Sample is used in the simulation. The results of simulation 
show that the Sample embedded with spherical flaw is safe from yielding. However, the 
Sample embedded with circular shaped flaw is fail to crack propagation when the flaw 
has radius greater than and equal to 20 micron while the flaw with radius of 4 micron is 
safe from failure. The maximum internal pressure depends on the location of the flaw in 
the HDPE. The time to reach the maximum internal pressure depends on the size of the 
flaw. 
Study of 1D model and 2D model during pressurization process in COMSOL shows 
relative percentage difference of the diffusive flux magnitude of 16.23 percent. 
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Chapter 1 Introduction 
1.1. Motivations 
There are many applications of high density polyethylene (HDPE) as a barrier for liquid 
and gases such as in the hazardous waste industry, the oil and gas industry, and in the 
automobile industry [1-5]. In the oil and gas industry, it is essential to know the gas 
permeation of HDPE and to understand the blistering of HDPE following decompression 
under extreme high pressure (explosive decompression). In more recent application of 
HDPE as barrier is in hydrogen storage technology. The composite hydrogen gas tank is 
one type among other types of storage system. It usually has HDPE as an inner liner as 
the barrier of high pressure gas [6]. This inner sheath is exposed to hydrogen gas at high 
pressure during filling process and decompression during defilling process. The defilling 
process may cause blistering in the HDPE. The current composite hydrogen gas tank has 
two types which are the 5000     and the 10000    [6-8], with capacity that ranges from 
29 to 8384 liter [9]. Applications of this hydrogen storage are in the automobile industry 
[10] and in filling stations [11], for example.  
Measurement of the permeation properties of HDPE is essential in order to improve 
these applications and to develop new applications of HDPE. The time lag method is 
widely used to measure the permeation properties [12]. This method estimates 
permeation parameters based on steady-state permeation rates. A recent method to obtain 
permeation parameters of gases in polymers involves using a nonlinear regression 
2 
 
analysis for a concentration-dependent diffusion coefficient and using both transient and 
steady state permeation rates [13]. This approach appears to be more accurate than the 
time lag method because it does not introduce additional numerical error. 
When HDPE is under depressurization, failure by explosive decompression is 
possible due to growth of blisters from pre-existing flaws. It is essential to find the 
yielding criteria and the fracture criteria as a safety reference value for the product design 
process. Measurement of stress that causes yielding and crack propagation (critical stress) 
is crucial. In principles of linear fracture mechanics, the stress can be related with the 
intensity factor   . The    can be compared to the critical stress intensity factor or 
fracture toughness    of the material to determine whether or not the crack will propagate 
since the     is an indication of the amount of stress required to propagate a pre-existing 
flaw [14-15].  
1.2. Dissertation outline 
The dissertation presents the new approach and procedure to measure permeation 
parameters of pressurization process and depressurization process of hydrogen gas in 
HDPE. The failure criteria with both yielding and crack propagation are given. Chapter 1 
introduces into the motivation of the dissertation and outline. Chapter 2 provides 
literature review of basic laws and theory of gases diffusion in polymers, and a review of 
failure criteria of polymer by yielding and linear fracture mechanics. Chapter 3 presents 
the new method to measure permeation parameters during pressurization process and 
depressurization process. Chapter 4 discusses the failure criteria for HDPE with pre-
existing crack during depressurization process with the internal pressure calculated from 
a constant volume model. The procedure of pressure calculation using a constant volume 
3 
 
model is given. Chapter 5 discusses the internal pressure and its procedure of calculation 
using a varying volume model. Results from the constant volume model and the varying 
volume model are verified by COMSOL FEM software. The procedure to measure 
permeation parameters and fracture testing of candidate materials for use in place of 
HDPE is discussed. Chapter 6 contains the future work and conclusion. 
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Chapter 2 Review of gas diffusion through 
polymers and failure criteria 
2.1 Introduction 
This chapter contains of two main sections. Diffusion of hydrogen gas through polymers 
is discussed in the first section. The first section includes basic diffusion equations in a 
plane sheet, both steady state method and transient, and the measurement of permeation 
parameters. The second section of this chapter discusses failure criteria of polymers. 
Yielding and linear elastic fracture mechanics are reviewed.  
2.2 Diffusion in polymers 
In this section, the basic laws of diffusion and the governing equations for a gas diffusing 
through the polymer in one-dimensional fashion is given for hydrogen gas and high 
density polyethylene (HDPE). The system is isothermal with temperature between glass 
transition temperature    and melting temperature    (   of HDPE is        
      and    of HDPE is             [43]). The HDPE is in rubbery state at this 
range of temperature as shown in Table 2.1. The general transport behavior of hydrogen 
gas through polymers is shown in second column of Table 2.1. This table originally 
summarized by Frisch [16] and again later by Klopffer [17]. The table shows that 
hydrogen transport through polymers is characterized by Fickian diffusion and Henry’s 
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mode sorption with temperature of the gas is above    in one-dimensional isotropic 
system. 
Table 2-1 General transport behavior of gases through polymers (from Klopffer, 
2001) 
  value compare to a 
characteristic 
temperature of the 
system 
Gasses with  
     
            
More condensables gases 
or vapours (    ) 
             
hydrocarbons 
     
Rubbery polymers 
Fickian diffusion 
constant       
constant     
Henry’s mode sorption 
  constant, increases slightly 
with   
   decreases slightly with 
pressure (hydrostatic pressure 
effect) 
Fickian diffusion 
  function of    ( )  
   function of   and   
Single mode sorption 
  decreases with   
   decreases with pressure 
(plasticization effect) 
     
Glassy polymers 
Dual mode sorption  ( ) 
   shows often breaks at or near 
   
Dual mode sorption  ( ) 
Non-Fickian and 
anomalous diffusion 
From Frisch, 1980 
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2.2.1 Basic laws of diffusion and Governing equations 
Diffusion of a gas through a polymer matrix is a process of the gas that is transported 
from high concentration surface to lower concentration surface without any chemical 
reaction to the matrix. The mathematical model to describe this process is discussed 
extensively by Crank [18] and Klopffer [17]. The differential equation of diffusion for the 
system of hydrogen gas and HDPE in an isothermal system. Fick’s first laws of diffusion 
which apply to the gas diffuse through the polymer is based on the hypothesis that the 
rate of transfer of the gas through a unit area of the polymer is proportional to the 
concentration gradient and given by  
   
     
  
  
 2.1 
   
where   is the rate of transfer per unit area (flux), (        ⁄⁄ ),   is the diffusion 
coefficient (    ⁄ ),   is the concentration of hydrogen gas (       ⁄ ), and   is the 
spatial coordinate (  ) measured normal to the surface of contact between the gas and 
the polymer matrix. 
Fick’s second law of diffusion is derived from the Fick’s first law (Eq. 2.1) and 
conservation of mass and given by 
   
    
   
 
 
 
  
  
 2.2 
   
Equation 2.2 predicts how diffusion causes the concentration to change with time. For a 
one-dimensional system, the partial derivative can be treated as the total derivative and   
can be treated as independent of concentration and time for particular system which will 
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be discussed in a later chapter. When gas diffuses through the polymer, the concentration 
at the contact surface may not be known but the vapor pressure of the gas may be known. 
Henry’s law can be used to relate concentration of the gas to the vapor pressure of the gas 
when there is a linear relationship between the concentration of the gas at the surface of 
the polymer and the vapor pressure of the gas. Thus for the isothermal system, the 
concentration of the gas at the surface of the polymer is given by 
   
      2.3 
   
where   is the solubility of the gas (          ⁄ )and   is the gas pressure (  ). The 
product of   and   is called the permeability, thus   and   are permeation parameters. 
The governing equations of one-dimensional isotropic and isothermal system is 
described in Eq. 2.2 or Fick’s second law. For a plane sheet, the general solution can be 
found by several methods such superposition, separation of variables, Laplace transform, 
and the Green function. All of these analytical methods require that properties   and   be 
constant with respect to concentration. For example, the general solution of Eq. 2.2 in the 
plane sheet is given by [18] as follows 
   
   ∑(                 ) 
   
   
 
   
 2.4 
   
where coefficients    and    can be determined by the initial and boundary conditions. 
2.2.2 The permeation methods 
There are two approaches to determine the permeability or permeation parameters, which 
are the steady state method and the transient method. The steady state method is based on 
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the flow information when the gas concentration is steady at all points in the polymer. 
The transient method is based on the permeation history from the start of the diffusion up 
until the end of the process or until the steady state is reached. The advantage of the 
transient approach is that it allows determining the parameters based on transient data 
alone which leads to a shorter time of testing compare to the steady state method or both 
transient and steady state data.  
 The steady state method will be reviewed first by considering a one-dimensional 
plane sheet of polymer with thickness   and constant concentration of the gas at both of 
their surfaces. Suppose high concentration of the gas    is at surface     and low 
concentration of the gas    is at    . Then from Fick’s second law, under steady 
conditions: 
   
 
   
   
   2.5 
   
and the rate of transfer of diffusing gas is given by Fick’s first law (Eq. 2.1). 
The time-lag method is one of the well known method that required steady state data 
[17]. The basic idea is that when diffusion of the gas in the polymer reaches steady state, 
then a plot of amount of gas that enters the polymer versus time is linear. The value of 
time at interception is called the time-lag as shown in Figure 2.1. It can be used to deduce 
permeation parameters. For example, considering a situation where the gas is continually 
removed from the surface of low concentration of the gas, then the concentration    is 
zero at all time. The amount of gas    which diffuses through the polymer membrane in 
time   is given by [19] 
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 2.6 
   
Equation 2.6 shows that when the steady state is reached the exponential term approaches 
to zero, then a graph of    versus   is linear and has relation and intercept as follows 
   
    
   
 
(  
  
  
) 2.7 
   
   
 
    
  
  
 2.8 
   
where     is the time intercept and is called time-lag as shown in Figure 2.1. 
It is clearly that when time-lag   is known from the plot, the diffusivity   is ready to 
obtain from Eq. 2.8 with known geometry thickness  . 
For the transient approach which is proposed in this paper used one-dimensional 
model to deduce permeation parameters from systematic nonlinear curve fitting as 
discussed in Chapter 4. 
2.3 Failure criteria 
This section discusses two approaches of failure criteria of polymers. The first criterion is 
criterion based on yielding of polymers. The second failure criteria is criterion based on 
linear elastic fracture mechanics (LEFM). 
2.2.3 Yielding approach 
Failure criteria of polymers based on yielding are discussed extensively on standard 
textbook such as textbook by Hill [20] which described the criterion of yielding of Tresca 
10 
 
and von Mises for plastic deformation, the textbook by Williams [21], and textbook by 
Hosford [22]. Williams defined energy release rate   of elastic systems and uses as 
fracture initiation if       where   is fracture resistance of the material. In his 
textbook also mentioned that shear yielding which is described in terms of the von Mises 
criterion is useful for polymers but care must be taken for other phenomena deformation 
such as crazing, hardening and sharp crack, however crazing trend to occur at high strains 
which is not include in this dissertation. The expression for   of an infinite body contains 
a crack of length    loaded with uniform outer stress   is 
   
   
    
 
 2.9 
   
where   is Young’s modulus and for linear system     . 
Hosford also described the yield criteria in plasticity theory and yielding in polymers. 
One of the purposes of yield criteria is to find critical load which starts yielding of the 
polymers, for example the solution for the pressure at which first yield occurs using the 
Mises yield condition of thick spherical shell shown in Figure 2.2 is given by Schaum’s 
outline series [23] as follows 
   
    
 
 
  (  
  
  
) 2.10 
   
where    is the pressure at which first yield occurs,    is yield stress,   and   is inner 
radius and outer radius of the shell, respectively.  
This   is a failure criterion in failure analysis of this material. For example, in case of 
a spherical void embedded in an infinite HDPE material subjected to hydrostatic internal 
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pressure, the failure criterion can be calculated as   by taking limit as outer radius go to 
infinity and Eq. 2.10 becomes 
   
    
 
 
   2.11 
   
 
Hill also expressed the solution of plastic-elastic problems on the expansion of a 
spherical shell as shown in Figure 2.3 and expressed the internal pressure needed to 
produce plastic flow to a radius   is 
   
        (
 
 
)  
   
 
(  
  
  
) 2.12 
   
where    is yield stress. 
This system added the plastic zone of radius   surround the inner surface of the void. 
The solution can be reduced to the solution without plastic zone by letting   equals to 
inner radius  . 
2.2.4 Linear elastic fracture mechanics (LEFM) 
The energy approach to define a failure criterion as    which is the critical energy release 
rate at which initiation of fracture that discussed in Section 2.2.3 is useful but its 
derivation and measurement is complicate due to compliance is not accessible [21].  
The energy release rate given by Gent and Wang [32] is  
  
    
 
(   
 
 
  )    2.13 
where   is Young’s modulus and λ is related to the pressure   by 
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(  
 
 
 
 
  
)    2.14 
Williams and Schapery [33] also gave a formula to compute the energy release rate as 
  
   
 
(    
 
  
  )    2.15 
Diani [34] computed the energy release rate of a spherical void inside a sphere of finite 
radius. Based on his results, if radius of the body is infinity, the energy release rate is 
reduced to 
  
   
 
(   
 
 
  )   2.16 
Lin and Hui [35] also computed the strain energy release rate using finite element base on 
the Gent and Wang approach by consider a volume controlled test as 
  
   
  
∫  ( ́  )  ́
 
 
   2.17 
For a very low applied pressure,     , using the small strain theory, the energy 
release rate is given by  
  
     
  
    2.18 
Equation 2.18 is used to compute the energy release late for this study since the internal 
pressure is much less than the modulus of elasticity of HDPE which is 800 MPa. 
The alternate approach is preferred which is the stress field near the tip of a crack. 
This approach uses principal of linear elastic system and leads to define failure criterion 
which is the critical stress intensity factor     where subscript   referred to opening of 
mode  .  
Griffith’s fracture theory [37] is based on the assumption of pre-existing cracks in 
materials.  His energy calculation is based on a large plate with a central elliptical crack 
with size 2a under a remote stress and then related the energy to the crack size and the 
stress. The critical crack size and critical stress is given by Eq. 
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  (
   
[(    )  ]
)
   
    2.19 
where   is the specific surface energy. 
Orowan modifies Griffith’s theory due to plastically deformed at the fracture surface, and 
the energy to cause this plastic deformation is much greater than  . Equation 2.19 is then 
modified to 
   (
   
  
)
   
     2.20 
where    the critical fracture energy release rate. 
Based on the work of Irwin, fracture occurs when the stress intensity factor,    reaches a 
critical value,    , which is a material property. The energy release rate can be related to 
the stress intensity factor based on LEFM [31] by 
  
  
 
 ́
      2.21 
where  ́                      ́  
 
    
                  
Calculation of the fracture energy release rate based on Eq.2.18 can be used to relate 
to material properties     by Eq.2.21 for plane strain.  
The stress intensity factor    can be expressed in a closed form solution in some 
geometries such as circular-shaped, elliptical shaped crack embedded in an infinite 
matrix, etc. It is independent of geometry and loading method since it is measured close 
to the tip of the crack. Closed-form solution of    in some geometry summarized in Table 
9.1 of textbook by Bower [24], for example a circular-shaped crack in an infinite solid 
subjected to uniaxial tensile loading is given as  
   
      √
 
 
 2.22 
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where   is uniaxial tensile stress,   is radius of the crack.  
Bower also describes how to measure the material property     in laboratory and use it as 
failure criterion for the test material such that the test material will fail if  
   
        2.23 
   
under following these conditions which are (1) all characteristic specimen dimensions 
must exceed 25 times the expected plastic zone size at the crack tip, and (2) for plane 
strain conditions at the crack tip, the specimen thickness must exceed at least the plastic 
zone size as shown in Fig. 2.4. The plastic zone size   of mode   is given as 
   
       (
  
  
)
 
 2.24 
   
where    is yield stress of the specimen. 
2.4 Summary and Conclusion 
The system of hydrogen gas diffuses through HDPE sample in which temperature of 
HDPE is higher than    can use Fickian diffusion model and Henry’s mode sorption. 
Henry’s law of absorption is applied to relate the concentration of the gas to gas pressure 
at the surface of contact which allows one to predict gas flow rate and amount of the gas 
that flows through the polymer. The steady state and transient method can be used to 
deduce permeation parameters; however the transient method is more accurate because it 
uses both transient data and steady state data. 
Yielding criterion and crack propagation near the crack tip can be used as failure 
criteria of polymer which has a pre-existing crack during depressurization process. The 
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principle of LEFM can be applied to polymers under the assumption that the polymer 
behaves linearly elastic. The principle of LEFM can be used if the dimension of specimen 
exceeds 25 times the expected plastic zone size at the crack tip. Also for plane strain 
conditions at the crack tip, the specimen thickness must exceed at least the plastic zone. 
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Figures 
 
 
Figure 2-1 Amount of gas versus time to show time-lag method from Flaconneche,  
B., etc, 2001. 
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Figure 2-2 Schematic of elastic spherical shell subjected to hydrostatic internal 
pressure 𝒑𝟎 [2.8] 
Figure 2-3 Schematic of plastic-elastic spherical shell subjected to hydrostatic 
internal pressure 𝒑𝟎[2.5] 
𝑝  𝑏 
𝑑 
𝑐 
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Figure 2-4 Plastic zone at a crack tip with radius 𝒓𝒑, crack radius 𝒂, and 
dimension 𝑾 and 𝑩. 
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Chapter 3 Measurement of Permeation 
Parameters of Hydrogen in HDPE 
3.1 Introduction 
The work reported in this chapter grew out of experimental measurement of gas 
permeation in HDPE. Measurements were carried put at a Nebraska manufacturer, and 
the data analyzed under contract at the University of Nebraska. Firstly, measurement 
based on steady-state techniques, such as the time-lag method, require many hours per 
sample to reach steady state for the sample thickness under study. One goal of the work 
has been to explore methods for decreasing the time required for measuring one sample, 
through the use of parameter estimation, in order that a greater variety of materials could 
be evaluated as part of each product-improvement cycle. 
A second goal of this work has been to seek an explanation for an experimental 
phenomenon that to our knowledge has not been adequately described in the literature. 
The measurement system involves continuous monitoring of gas permeation through the 
sample during a pressurization phase and during a subsequent depressurization phase. For 
every sample tested, at the beginning of the depressurization phase there is a short 
duration peak in measured mass flow of gas with maximum value nearly twice that of the 
steady value (see Figure 3.1). As described in this chapter, this gas-flow spike 
phenomenon can be explained by simple diffusion theory that includes a contact 
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conductance between the sample and the mechanical support. With this explanation, we 
have been able to include the depressurization data in our data analysis and have 
improved our permeation parameter measurements. 
The parameter estimation method involves curve-fitting of data from the experiment 
with values calculated from the models. By systematic curve-fitting, the permeation 
parameters can be deduced from this procedure in both processes. The time lag method is 
also applied to our data for comparison with the permeation parameter method. 
The chapter is divided into three parts. The first part describes the experimental setup 
and material description. The second part composes of a brief description of gas diffusion 
theory in polymers, mathematical models, and the parameter estimation procedure. The 
third part is a discussion of the results, followed by the conclusion. 
3.2 Experiment and Material Descriptions 
3.2.1. Experiment 
 A sample of HDPE is placed against a porous metal plate on one side of a pressure 
chamber as shown in Figure 3.2. One side of the HDPE is directly in contact with the 
high pressure gas. The porous metal plate is maintained at low pressure by a vacuum 
pump. The binary gas mixture of 95% of nitrogen gas and 5% of hydrogen gas is added 
to the pressure chamber at about 5000 psi and then the valve is closed. The pressure in 
the high pressure tank slowly declines as a function of time due to the diffusion of the 
gases through the sample. Hydrogen gas flow passing through the sample is recorded 
using a mass spectrometer. This portion of the test is called the pressurization process.   
After several hours, the high pressure in the pressure chamber is suddenly removed 
by venting to the atmosphere. Now hydrogen gas stored in the HDPE is slowly released 
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and recording of the hydrogen gas flow rate continues. This is the depressurization 
process.  
3.2.2. Samples description 
All the samples studied are pipe-grade HDPE of type K44. A total of four samples were 
tested, two samples of melt index 06, one samples of melt index 15, and one sample of 
melt index 15 with 2.3% carbon black filler. The sample numbers are given in Table  3.1. 
All four samples have similar shape with thickness of 0.363 cm and cross section area of 
6.158 cm
2
. 
Table 3.1 Sample in formation 
Sample Number Description 
1 K44-06 A Natural melt index 06, natural color 
2 K44-06-B Natural same material as Sample 1 
3 K44-15 Black melt index 15, with carbon black filler 
4 K44-15 Natural melt index 15, natural color 
 
Sample 1 and Sample 2 are tested under the pressurization process only. Sample 3 and 
Sample 4 are tested under both processes. Figure 3.1 shows a typical Sample 3 data curve 
during the entire test with both pressurization and depressurization processes. 
3.3 Theory and Mathematical Models 
In this section, the governing equations for a one dimensional diffusion model with 
constant diffusivity coefficient are given. Three mathematical models are described, 
which are two pressurization models and one depressurization model. One pressurization 
model has a pressure dependent concentration at the boundaries, zero initial condition, 
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and no contact conductance at the boundary. The second pressurization model is similar 
except there is a contact conductance is added at the low-pressure boundary. The addition 
of contact conductance is a simple physical mechanism that explains the large spike in 
gas permeation observed experimentally at the time of depressurization. The 
depressurization model has zero concentration at both boundaries and a non-constant 
initial condition caused by the pre-existing storage of hydrogen in the sample during the 
pressurization process. 
3.3.1. Governing Equations 
At a given temperature, the diffusion of gases of low molecular weight in polymers is 
Fickian and obeys Henry’s law of absorption. It is described by a solution-diffusion 
mechanism as a three step process [13]: condensation and solution of the gas at the 
surface of the polymer, followed by diffusion through the polymer under pressure as a 
driving force, and then finally evaporates at the other surface of the polymer. The Fickian 
diffusion for a constant diffusivity coefficient is described as follows [25], Fick’s first 
law 
          
       
  
 3.1 
   
and Fick’s second law 
 
        
   
 
 
 
       
  
                      3.2 
   
The concentration at the boundaries of the polymer are given by Henry’s law of 
absorption[25] 
                                 3.3 
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There are two cases for the initial condition in the models. The first case is a 
homogeneous (that is, zero) initial condition applied for the pressurization process. The 
initial condition for the depressurization process is the final condition for the 
pressurization process, which is given as follows: 
                                
 
 
  3.4 
   
where           , S is the solubility of a gas,       is the gas pressure at the end of the 
pressurization process, and CL is the final concentration at x=L. Later we show that value 
   has a large influence on the depressurization process. 
3.3.2. Pressurization model without contact conductance 
Consider one dimensional diffusion though a plane sheet of HDPE with a pressure 
dependent concentration at the surface x=0 and zero concentration at x=L. The HDPE 
has thickness of   and initially there is no gas distribution inside the sample. The pressure 
dependent concentration at the surface is given by 
                            3.5 
   
The gas pressure,      , is a function of time, thus the x=0 concentration varies with 
time. Using the given boundary conditions and a zero initial concentration with the 
governing equation given above, the method of Green’s functions solution for this type of 
problem is given by [27, p.142] as follows: 
          ∫        
 
   
           ́   
  ́
|
 ́  
 3.6 
   
where      is the Green’s function for a slab with both boundaries of type 1 in the 
Cartesian coordinate system given by [27, p.95] as 
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Next, the time-varying pressure    is taken from the experiment as a series of piecewise-
constant pressures. Then the gas concentration is given by 
           ∑      
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where    is an observed time, M is number of time elements on the time interval 
      . 
Then apply the dimensionless variables 
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and evaluate the integral to have the expression for the gas concentration as 
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where        
Adding the last time step to have 
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The expression for the dimensionless gas diffusion flux is given as the derivative of 
concentration, using Eq.3.1 
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Finally, the gas diffusion flux with unit of cm
3
/s may be found by multiplying 
dimensionless flux j
+
 by approximate parameters as follows: 
            (
     
 
)          3.12 
   
This flux expression for the first pressurization model is used for comparison with 
experimental data.  
3.3.3. Pressurization model with contact conductance 
Consider the same model as described in Sec 3.2.1 but now with contact conductance 
added at x=L boundary. The added contact conductance provides an explanation for the 
observed spike in the permeation data. The physical basis for contact conductance is 
pressure-induced flow contraction where the polymer meets the porous metal plate. Then 
boundary conditions are given by 
                3.13 
   
  
       
  
|
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As before, where h is the contact conductance with units (cm/s), the method of Green’s 
functions solution for this type of problem is given by [11 p.142] as follows: 
          ∫        
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where      is the Green’s function for a slab with boundaries of type 1and type 3 
respectively in the Cartesian coordinate system, given by [27 p.486] as follows: 
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where                            
Replacing this Green’s function with Eq.3.15, and following similar steps, the 
dimensionless gas diffusion flux through the sample is given by 
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Finally, the gas diffusion flux is given with units of cm
3
/s is found by multiplying the 
dimensionless flux j
+
 by approximate parameters, as follows: 
            (
     
 
)          3.19 
   
This flux expression for the pressurization model is used for comparison with 
experimental data and the previous model. The final concentration from this model also 
provides the non-zero initial condition for the depressurization model.  
For the steady-state concentration, the governing equation and its boundary conditions 
are given as 
 
      
   
                    3.19 
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Then the expression for the gas concentration of the above equations are given as 
                 (  
 
 
)     3.22 
   
where          ,           ⁄  and Biot number B=hL/D. 
3.3.4. Depressurization model 
The second part of the test is the depressurization process. The depressurization process 
allows hydrogen gas stored in the HDPE sample to diffuse out of the HDPE sample. The 
mathematical model to govern this behavior is Fick’s second law, Eq.3.2, with jump 
concentration initial condition to describe a fast release of the hydrogen gas at the instant 
of depressurization. The boundary conditions and an initial condition are given as  
               3.23 
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)     3.25 
   
where    is the peak concentration in the HDPE sample at time just before 
depressurization process began (         ). The initial condition is shown in Figure 
3.3 where value CL is defined by mass transfer Biot number B=hL/D where h is the 
contact conductance from the (previous) pressurization process. 
The solution of the concentration is given by the method of Green’s functions 
solution, GF as caused by a non-zero initial condition [11, p.142] 
        ∫    ́ 
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Substitute    ́ =           ́  ⁄      , and evaluate the integration where the GF is 
given by Eq.3.11, then the expression for the concentration is given below as 
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The expression for the gas diffusion flux is given using Eq.3.1 with the same 
dimensionless variables as before, except dimensionless flow rate are defined as         
         ⁄  ⁄   as 
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where           ⁄  . 
Finally, the gas volumetric flow rate with units of cm
3
/s is found by multiplying the 
dimensionless flux j
+
 by approximate parameters, as follows: 
            (
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With the effective cross-section area     , the gas volumetric flow rate is given as  
            (
  
 
) (     )  
   3.30 
3.4 Parameter estimation 
The experimental data are pressure and hydrogen gas flow rate as a function of time. The 
diffusion parameters are found by curve-fitting the hydrogen gas flow rate from the 
experiment with models using Eq.3.12, Eq.3.18 for the pressurization process and 
Eq.3.29 and Eq.3.30 for the depressurization process. The parameters are systematically 
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varied to provide the best fit between the experimental and model values of the hydrogen 
gas flow rate. For the pressurization process, the parameters to be found are the 
diffusivity coefficient and solubility. For the depressurization process, the diffusivity 
coefficient, effective cross section area (    ), and non-zero initial concentration (CL) are 
found, with the solubility value from the pressurization process treated as a known value. 
Then the CL is used to calculate the B value for the pressurization model with contact 
conductance.  
3.5 Numerical Results and Discussion 
Sample 1 and Sample 2 HDPE data are available for the pressurization process, while for 
Sample 3 and Sample 4 data are available for both the pressurization process and the 
depressurization process. The data from Sample 3 was analyzed twice, first by the time 
lag method and then the parameters were obtained from our estimation method. Three 
aspects of the results from the parameters estimation method are discussed here: 
deformation of HDPE during pressurization process; cross section area effect; and, 
variation in diffusivity coefficient between the pressurization process and the 
depressurization process.  
3.5.1. Sensitivity analysis and Numerical tolerance  
This section describes a sensitivity study carried out on the models that was used to 
determine which parts of the data record are most valuable for parameter estimation.  The 
numerical tolerance for the estimated parameters is also described. 
The sensitivity coefficient is the partial derivative of the state variable (flux) with 
respect to model parameters (diffusivity coefficient, solubility, and effective area) which 
is given by [28,29]  
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   represents parameters where   =D, S, and     . The sensitivity coefficients are 
computed by a finite difference as follows: 
      
 (       )       
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The sensitivity curves for the several parameters must be large and linearly independent 
for successful simultaneous parameters estimation [29]. The sensitivity plots for 
diffusivity coefficient and solubility during the pressurization process are shown in 
Figure 3.4. Figure 3.4 shows that the sensitivity coefficients become dependent (take on 
the same shape) after 300,000 s. That is, adding data after this time should not materially 
alter the parameter estimates.  This suggests that different length data records could be 
used to study the statistical variability, or tolerance, of the estimated parameter values. 
The numerical values for parameters calculated from the parameter estimation 
method are given with a tolerance found by estimating parameters over different subsets 
of the available experimental data. This formula is given as follow 
              (|
       
    
|)                   3.33 
   
where      is the parameter value obtained from the maximum number experimental 
data points,    is the parameter value obtained from different truncated subsets of 
available experimental data point, and NS is the number of subsets studied. 
The sensitivity curves for the depressurization process are shown in Figure 3.5.  Figure 
3.5 shows linearly independent behavior (different shape) between 1.5e+4 seconds to 
5.0e+4 seconds. This relationship suggests that the shortest subset of the experimental 
data should be at 5.0e+4 second for the depressurization process. 
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3.5.2. Time lag method 
The time lag method [25] was used to estimate the permeation parameters by using the 
steady-state flow rate, average pressure difference and total amount of hydrogen gas that 
diffused through the sample as a function of time. Specifically, for this method the 
amount of hydrogen gas (cm
3
) obtained by numerical integration of the hydrogen gas 
flow rate (data) is plotted as a function of time. Then a straight line can be drawn from 
the steady-state part of the amount profile to the time axis. The intercept value (tTL) on the 
time axis is called the “time lag”. To deduce the permeation parameters, the permeation is 
calculated as follow 
   
       
  
 3.34 
   
where    is the pressure difference at the boundaries x=0 and x=L. 
Then diffusivity coefficient (D) can be deduced from the time lag value as follow 
   
  
     
 3.35 
   
Finally, the solubility (S) can be deduced from the permeability coefficient and the 
diffusivity coefficient as follow 
    
 
 
 3.36 
   
where   is the conversion constant. Details of discussion of the time lag method are 
given elsewhere [25]. Figure 3.6 shows the comparison of the simulated flow rate profile 
calculated from the parameters obtained by the time lag method and the parameter 
estimation method. 
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3.5.3. Parameter estimation method 
In contrast, the parameter estimation method uses transient flow rate data and the actual 
pressure history as shown in Eq.3.12 to obtain the permeation parameters. Table 3.2 
shows the permeation parameters from both methods for all four HDPE samples. The 
parameter estimation method shows a higher diffusivity coefficient value than the 
diffusivity coefficient obtained from the time lag method. However, the solubility from 
parameter estimation is lower than the solubility from the time lag method. The 
permeability coefficient (product of S and D) values of the parameter estimation method 
are higher than those values obtained from time lag method except Sample 3 which is 
almost equal. These two methods show the same range of the permeation parameters. 
Figure 3.6 shows the simulated hydrogen flow rate of Sample 3 using permeation 
parameters from time lag method and parameter estimation method. The parameter 
estimation method shows a better fit in the early time region which implies a better 
diffusivity coefficient value that describe the data behavior in the early time region than 
time lag method. It is not surprising that the time lag method fits the data at the late time 
(steady-state portion) better than parameter estimation method which is controlled by the 
solubility. 
Table 3.2 also shows the parameter values with the tolerance which is discussed in 
Sec.3.5.1. For example, Sample 3 in the pressurization process the diffusivity coefficient 
has a tolerance of 2.16% of the 3.921e-7 cm
2
/s using the shortest subset of the 
experimental duration of 111 hours instead of the duration of 166 hours. The tolerance 
value indicates the average value of only 2.16% of diffusivity coefficient value differs 
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from the referent value of 3.921e-7 cm
2
/s. The diffusivity coefficient value of 3.921e-07 
cm
2
/s is estimated from all the available data with duration 166 hours. 
 
Table 3.2 Permeation parameters from the parameter estimation method and the 
Time lag method using adjusted thickness. 
Sample 
Parameter estimation  Time lag 
D±%, cm
2
/s S±%, kmol/Pa/cm
3
 D, cm
2
/s S, kmol/Pa/cm
3
 
1 7.285e-7±3.32% 5.015e-14±3.94% 5.749e-7 6.514e-14 
2 7.133e-7±3.04% 5.389e-14±4.03% 5.420e-7 7.260e-14 
3 3.921e-7±2.16% 7.953e-14±3.70% 3.128e-7 10.23e-14 
4 7.305e-7±2.45% 5.294e-14±3.30% 5.060e-7 7.063e-14 
 
3.5.4. Effect of pressure on the thickness of HDPE 
Table 3.3 shows the permeation parameters from parameter estimation method with 
different thicknesses. The measured thickness (Measured L) is the thickness of the 
sample that measured at atmospheric pressure after the experiment. The adjusted 
thickness is the sample thickness under the pressurization process. A literature value for 
Young’s modulus of HDPE and the applied pressure is used to calculate the adjusted 
thickness. Table 3.3 shows the permeation parameters of all samples found using the 
measured thickness and the adjusted thickness. The diffusivity coefficient values for all 
samples using the adjusted thickness are lower than using the measured thickness. Thus 
the contraction of the HDPE thickness results in lower diffusivity coefficient value due to 
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the reduction of the free volume inside the HDPE [13]. However it shows the opposite 
effect on the solubility.  
 
Table 3.3 Effect of the pressure on the thickness of HDPE resulted in change of 
permeation parameters. 
Sample 
Measured L Adjusted L 
D±%, cm
2
/s S±%, kmol/Pa/cm
3
 D±%, cm
2
/s S±%, kmol/Pa/cm
3
 
1 8.078e-7±3.75% 4.653e-14±5.24% 7.285e-7±3.32% 5.015e-14±3.94% 
2 7.818e-7±3.71% 5.164e-14±4.65% 7.133e-7±3.04% 5.389e-14±4.03% 
3 4.163e-7±2.54% 7.835e-14±4.06% 3.921e-7±2.16% 7.953e-14±3.70% 
4 7.871e-7±3.04% 5.067e-14±3.16% 7.305e-7±2.45% 5.294e-14±3.30% 
 
3.5.5. Effective Cross-section area 
The parameter estimation model is assumed to be one dimensional flow of the diffusing 
gas though the HDPE. This assumption introduces an error since the ratio of the thickness 
and flow diameter is greater 0.2 [26]. That is the hydrogen gas may flow into the radial 
direction resulting in a longer diffusion path where the sample meets the seal (see Figure 
3.2). The effective area is introduced to adjust the one-dimensional theory to take into 
account the smaller radial-flow effects that may be present. 
The effective cross-section area can be estimated from the data during the 
depressurization process. However during pressurization process, the effective area 
cannot be estimated because of linearly dependent of the sensitivity coefficients. 
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Equation 3.30 is used to calculate the gas flow rate for this process and Figure 3.5 shows 
the sensitivity curves.  
The results are shown in Table 3.4. In this process, only diffusivity coefficient (not 
solubility) can be estimated. As expected, the reduction in cross section area of Sample 3 
and Sample 4 give a better fitting. Figure 3.8 and Figure 3.9 show a better fitting of the 
hydrogen flow rate. Also using the effective cross section area, the diffusivity coefficient 
is higher than using the measured cross section area.  The effective cross section area for 
both samples is about 90 percent of the measurement cross section area as shown in 
Table 3.4. 
The non-zero concentration (CL) for initial condition is very small for both samples as 
shown in Table 3.4 but it is a very important value. If the CL is exactly zero, the model 
cannot describe the peak of the flow rate at the beginning of the process. In other words,  
 value controls the behavior of the flow rate at the beginning of the depressurization 
process as shown in Figure 3.1 and Figure 3.7. The non-zero concentration value is used 
to calculate the B value defined in Eq.3.16 for the pressurization process model with a 
contact conductance. The B value obtained from this calculation is very large which 
suggests that the model without a contact conductance can be used to obtain the 
parameters (diffusivity coefficient and solubility). 
Table 3.4 Impact of effective cross-section area on depressurization parameters. 
Parameters 
Sample 3 Sample 4 
Amea=6.158 cm
2 Aeff=5.340 ±0.74% cm
2 Amea =6.158 cm
2 Aeff =5.542 ±5.64% cm
2 
D±%, cm2/s 0.956e-6±0.86% 1.051e-6±1.77% 1.840e-6±1.97% 1.954e-6±1.63% 
CL±%, kmol/cm
3 3.862e-9±5.21% 4.485e-9±6.07% 1.328e-9±25.21% 1.814e-9±36.54% 
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3.5.6. Pressurization and depressurization process (change in D) 
The results show that the diffusivity coefficient estimated from the pressurization process 
and the depressurization process are different in both samples. To our knowledge, this is 
the first time this behavior has been mentioned in the literature. Usually the diffusivity 
coefficient was obtained for one process for a sample. We believe the higher value (268 
% increase) during the depressurization process is caused by an increase in free volume 
inside the HDPE. The HPDE expands after pressure is removed, which enhances the 
diffusion process. See Table 3.5.  
 
Table 3.5 Change of diffusivity coefficient from pressurization process to 
depressurization process. 
Samples\Processes Pressurization Depressurization Percent increase, % 
Sample 3 0.392e-6±2.16% 1.051e-6±1.77% 268 
Sample 4 0.731e-6±2.45% 1.954e-6±1.63% 267 
 
3.6 Conclusion 
The permeation parameters of four HDPE samples were found with a parameter 
estimation method based on a nonlinear curve-fitting procedure under both pressurization 
and depressurization processes. A diffusion model without contact conductance is 
suitable to use for obtaining the parameters during the pressurization process. A 
sensitivity analysis was carried out to determine the shortest subset of the experimental 
data necessary for the estimation. Contraction of the HDPE during pressurization process 
results in lower estimates of the diffusivity coefficient value and higher estimates of the 
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solubility value. Ratio of the sample thickness and cross-section area is greater 0.2 which 
leads to error in estimation of the parameters by two-dimensional effects not accounted 
for in the one dimensional diffusion model. Introduction of an effective cross-section area 
can be used to overcome this error in the depressurization process only.  
The fast flow rate of the hydrogen gas observed experimentally at the beginning of 
the depressurization process is explained by the addition of contact conductance in the 
diffusion model and provides for the jump initial condition in the depressurization 
process. The physical basis for contact conductance during pressurization is the restricted 
mass flow area caused by the pressure-induced contact with the porous metal plate. When 
the pressure is removed, the contact conductance vanishes. The value of the contact 
conductance controls this portion of the flow rate profile. Because of mechanical 
compression effects, the estimated diffusivity coefficient for the pressurization process is 
only 37% of that for measured in the depressurization process for both Sample 3 and 
Sample 4. The agreement between model and experiment is adequate for classifying 
candidate materials for gas-barrier applications. The model is also effective in explaining 
the short-duration peak in gas flow observed experimentally. Future work to improve the 
overall fit between model and experiment could be carried out with a more elaborate 
description of the diffusion character of the polymer, such as spatially-varying or 
concentration-varying diffusion coefficient. 
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Figures 
 
 
Figure 3.1 Typical hydrogen gas flow rate of Sample 3 during pressurization and 
depressurization process. 
 
 
 
 
 
 
 
 
 
Figure 3.2 Schematic diagram of the gas-polymer system. 
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Figure 3.3 Steady-state concentration at the end of pressurization, which is also the 
initial condition for the depressurization process. Jump value CL, which is 
exaggerated here for illustration, depends on mass transfer Biot number B=hL/D 
where h is contact conductance. 
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Figure 3.4 Typical sensitivity graph of the flow rate to diffusivity coefficient and 
solubility during pressurization process. 
 
Figure 3.5 Typical sensitivity graph of the flow rate to diffusivity coefficient and 
effective area during depressurization process. 
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Figure 3.6 Simulated Hydrogen gas flow rate of Sample 3 using D and S obtained 
from parameter estimation method and Time lag method. Experimental data is also 
shown. 
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Figure 3.7 Influence of the non-zero concentration (  ) during the depressurization 
process. 
 
Figure 3.8 Effect of cross section area on Hydrogen gas flow rate of Sample 3 during 
depressurization process. 
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Figure 3.9 Effect of cross section area on Hydrogen gas flow rate of Sample 4 during 
depressurization process. 
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Chapter 4 Failure Criteria of HDPE Caused 
by Depressurization 
4.1 Introduction 
In this chapter, behavior of a flaw under depressurization process of the HDPE and 
hydrogen gas system is studied. The first part, utilizing Gogos [30], is to use a constant 
volume model to obtain internal pressure inside the flaw caused by diffusion. The second 
part determines if the HDPE is safe from failure by yield condition using the the von 
Mises yield criterion [41, p.114] as a critical value and the use of linear elastic fracture 
mechanics via the stress intensity factor,    . The critical energy release rate    and the 
critical stress intensity factor,     can be used as the criterion for failure of the HDPE as 
well.  
4.2 Part I: Constant volume model and pressure calculation 
In this section, theory of a flaw assumed to have constant volume and a spherical shape 
under depressurization process is discussed. The calculation procedure is given in 
Appendix A. Then a discussion of calculation of internal pressure distribution is shown. 
4.2.1 Sample Descriptions, Sample Domain and flaw domain 
A sample (HDPE) material is assumed to be an isotropic and homogeneous material 
which is considered to be difference from heterogeneous materials. The diffusion in the 
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heterogeneous material is summarized in Ref. 19 [19, p.165-p.217]. In this dissertation, 
the diffusion of the hydrogen gas in the HDPE is based on the diffusion in the isotropic 
and homogeneous material as described in Ref. 18 and Ref. 19. 
The sample domain and the flaw (crack) domain are shown in Figure 4.1. The sample 
domain is the size scale and time scale of the HDPE. The size scale of the sample has a 
thickness of 0.363 cm. The time scale of diffusion of the sample corresponded to the 
concentration distribution of hydrogen gas during depressurization of the sample as 
shown in Figure 4.2. The initial concentration of hydrogen gas in the HDPE Sample 
during depressurization is shown in Figure 4.3 came from the saturated gas concentration 
in the Sample at the end of pressurization process. 
The size scale of the flaw has radius of 4 micron, 20 micron, 40 micron, 80 micron, 
and 100 micron where located at x
+
 = 0.05, 0.11, and 0.31, respectively embedded inside 
the Sample. The time scale of the flaw corresponds to the diffusion of the hydrogen gas 
to the void space of the flaw caused by concentration gradient between the concentration 
at the sample boundary (far field,  (   )) and concentration at the flaw boundary (near 
field,  (   ( ))) as shown in Figure 4.1.  
The HDPE Sample scale is considered as infinite compared to the scale of the flaw as 
shown in Figure 4.1 thus theory of diffusion of a gas in homogeneous and isotropic 
domain with concentration difference as a driven mechanism as discussed by Gogos [30] 
can be used. In Gogos, a bubble (void) in the homogeneous medium with uniform 
concentration with lower concentration compare to the concentration in the bubble is 
assumed. Gogos studied the lifetime of bubble which time when the bubble disappear 
from the solution (zero volume). In this dissertation, a void embedded in a homogeneous 
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medium with uniform concentration is assumed. The void has lower concentration 
compare to the medium thus the gas diffuses into the void which is opposite direction 
from Gogos’s study. Also the concentration in the medium is varying with time which 
contrasts to Gogos. Mathematical expression of this approach is shown in next section. 
4.2.2 Mathematical formulation 
Consider a pre-existing flaw embedded in the sample which initially saturated with 
hydrogen gas during pressurization following by depressurization. The diffusion of the 
hydrogen gas to the void space of the flaw during depressurization is governed by [30] 
  
  
 
  
  
  
  
  
  
 
 
  
 
  
(  
  
  
) 
 
4.1a 
 
Both terms on the left-hand side of Eq. 4.1a can be neglected based on the assumption of 
quasi-static and constant volume of the void. Details of these assumptions are given in 
[43]. The solution of Eq. 4.1a subjected to boundary conditions (Eq. 4.2a and 4.2b) is 
given as follows 
  (       )
 
 
        4.1b 
where the boundary and initial conditions are: 
 (   )                    4.2a 
 (   ( ))                      4.2b 
 (   )               ( )     4.2c 
Here      is the flaw boundary concentration corresponded to the flaw pressure,     is 
the far field concentration corresponded to the sample concentration as shown in Figure 
4.3 and  ( ) is the radius of the flaw. 
Gogos [30] used Equation 4.1b subjected to conditions in Equation 4.2a to Equation 
4.2c with ideal gas law and Henry’s law absorption to predict the bubble(void) lifetime 
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which is the time when  ( ) is zero. In his approach the far field concentration is 
constant and the bubble radius is a function of time.  
In this dissertation Equation 4.1 subjected to conditions in Equation 4.2 with gas law, 
Fick’s first law and Henry’s law of sorption causes gas to enter the flaw, opposite to the 
diffusion direction in Gogos [30] to find pressure buildup inside the void space of the 
flaw. The far field concentration   ( ) is time dependent and the flaw radius   is 
constant. 
4.2.3 Initial condition for flaw and calculation of pressure procedure 
Figure 4.2 and Figure 4.3 show concentration as a function of time and spatial coordinate 
during depressurization computed from the model discussed in Chapter 3. This is the far 
field concentration. This far field concentration will be used as quasi-steady value    in 
Eq.4.1b at each time step here. As time evolves,   ( ) changes as shown in Figure 4.3, 
but the near field concentration is described by quasi-steady relation Eq.4.1b.  
The initial concentration at the flaw boundary     can be assumed at atmospheric 
pressure because the flaw expansion is subjected to atmospheric pressure at the 
boundaries during depressurization. For a fixed location of the flaw, concentration of 
hydrogen gas located at x
+
=0.099 as a function of time is shown in Figure 4.4. This 
concentration will be used in the calculation of Eq.4.1b as    at each time step. For 
example, consider a HDPE sample with solubility of 7.953x10
-14
 kmol/(cm
3
.Pa) and 
diffusivity coefficient of 1.05x10
-6
 cm
2
/s with a small spherical flaw located at    
      and with concentration of 5.994x10-8 kmol/cm3 to be calculated. The dissolved gas 
concentration distribution is shown in Figure 4.3 and has a value of 6.604x10
-8
 kmol/cm
3
 
at high pressure boundary (       ) and 4.485x10-9 kmol/cm3 at low pressure boundary 
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(       ).When depressurization begins, assuming atmospheric pressure 
(    =101.325 kPa) at outer radius of the flaw to be the initial concentration value for 
time loop calculation in Appendix A, then the initial and boundary conditions are 
obtained by using Henry’s law of absorption as follows  
 
 (   )                            4.3a 
 (   ( ))                            4.3b 
 (   )                       ( )     4.3c 
At each time step, pressure in the flaw is calculated using gas law to convert mass of 
the hydrogen gas accumulated in the flaw. The pressure build up in the flaw is calculated 
using the above conditions and is shown in Figure 4.5 and Figure 4.6.  
Appendix A shows the algorithm used to implement the calculation of the internal 
pressure which is coded in MATLAB. Calculation of the pressure is done by assuming 
constant internal pressure in each time interval of calculation and assuming constant flaw 
volume during the entire period of calculation. When time evolves, the pressure inside 
the void space of the flaw and gas concentration at the boundary of the flaw is updated in 
Step 6 and Step 7 in Appendix A, respectively. Pressure inside the flaw is calculated 
using ideal gas law and concentration of hydrogen at the boundary is calculated using 
Henry’s law of sorption.  
Here are details of how to calculate internal pressure using computer code which is 
developed in this dissertation. The first part of Appendix A provides definitions and 
values of required parameters to calculate internal pressure. Their values are given in 
separated group as follows 
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 The diffusion group composes of the material properties obtained from 
the pressurization process. They are diffusivity coefficient ( )  solubility 
( ) and far field concentration (  ). 
 The HDPE properties group is obtained from materials properties 
database [42]. They are Young’s modulus ( )and Poisson’s ratio ( ). 
 The values in Ideal gas law group are temperature ( ) which is assumed 
to be constant at 300  , atmospheric pressure     is at        
    , 
and universal gas constant (  ).  
 The value in geometry and time group depends on the size of the flaw, the 
smoothness of results and fills up duration. These values are radius of the 
flaw ( ), thickness of the thinner section of HDPE, size of time step (  ), 
and number of time step (  ). 
Next is the initial value (at     ) of parameters and variables. The initial pressure in 
the flaw is assumed to be one atmospheric pressure. The initial volume of the flaw ( ) is 
calculated from the formulas for flat circular plate of constant thickness given in [31]. 
The initial mass ( ) of hydrogen in the flaw is calculated using Ideal gas law with initial 
pressure of one atmospheric pressure and initial volume of the flaw. The diffusive 
surfaces for the flaw are assumed to be the two circular surfaces of the flaw. These 
diffusive surfaces depend on the geometry of the flaw. The initial concentration of 
hydrogen gas at the boundary of the flaw (     ) is calculated from Henry’s law of 
sorption at pressure of      . The initial molar flow rate ( ) is set to be zero. 
Time loop calculation of the internal pressure is from time step one (    ) to the 
given number of time step (  ). Some of variables are stored in matrix form in order to 
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show results and is discussed in the discussion of results section. Steps of the calculation 
is given as follows 
Step 1 computes diffusive flux at the boundary of the flaw using Flick’s first law 
(Eq.2.1) by differentiating Eq.4.1b and evaluating at    . 
Step 2 computes molar flow rate of hydrogen gas by multiplying the diffusive flux ( ) 
by diffusive surfaces (  ). 
Step 3 computes mass of hydrogen in the flaw ( ) by multiplying the average molar 
flow rate and the size of time interval (  ). The average molar flow rate is calculated by 
averaging the molar flow rate in current step to the molar flow rate in previous step. 
Step 4 computes total mass of the hydrogen gas in the flaw (    ) at the end of the 
period of pressure calculation by adding   of each time step. 
Step 5 computes total internal pressure ( ) using Ideal gas law (Eq. B.8) with the total 
mass from Step 4 and other parameters given in the previous section. 
Step 6 computes concentration of hydrogen gas at the boundary of the flaw (     ) 
using Henry’s law of sorption with the total internal pressure from Step 5. This step 
updates concentration for each time step. 
Step 7 computes duration of pressure calculation ( ).  
However Appendix A is for the varying volume model which will be discussed in 
Chapter 5, but the constant volume model can use the same procedure given in Appendix 
A by replace the pressure formula in Step 6  ( (  )  √
        
 
) by  (  )  
        
 
 . 
The next section discusses the results of the internal pressure calculation using the 
constant volume model and procedure described in Appendix A. Results of the 
calculation are divided into two major parts. The first part is for a fixed size flaw with 
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variation in flaw location. The second part is for a fixed flaw location with variation in 
flaw size. 
The calculation was carried out with 102 spatial nodes on       . The timestep 
was varied depending on the flaw size. The calculation was coded with computer 
software MATLAB. Three locations at are used during the x
+
 = 0.05, 0.11, and 0.31, 
respectively. Five sizes of a flaw for each calculation are used which are 
                    , respectively. 
4.2.4 Results and Discussion, Vary location 
In this section, results for the flaw responds to depressurization in a fixed size flaw 
with variation in flaw location is shown and discussed. Two groups are given below for 
radius of 4 micron and 20 micron as Case I. Case II is flaws of radius 40 micron, 80 
micron and 100 micron. Each case has the same behavior of pressure distribution. 
Case I: 4 micron, 20 micron 
A fixed spherical flaw size of 4 micron in radius preexists inside the HDPE at three 
positions as described at the end of Sec.4.2.3. Figure 4.7 shows pressure profile of the 4 
micron flaw located at these locations. The flaw located closer to the high pressure 
surface has pressure build up faster than other locations with a largest maximum pressure. 
This maximum pressure in the flaw at x
+
 = 0.31 stays for 701.07 s while the flaw at x
+
 = 
0.05, and at x
+
 = 0.11 stays for 19.102 s and 75.508 s, respectively. This behavior caused 
by the decreasing far-field concentration as shown in Figure 4.3. 
Figure 4.8 shows the pressure profile of a 20 micron flaw located at three different 
locations as for the earlier case.  The same behavior can be seen as the 4 micron flaw. 
However the time to reach maximum pressure is longer than the 4 micron flaw. 
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Case II: 40 micron, 80 micron, 100 micron 
Figure 4.9 shows the pressure profile inside the flaw of 40 micron radius at the same 
three locations. Location x
+
 = 0.11 has the maximum pressure instead of location at x
+
 = 
0.05 as for the 4 micron flaw and 20 micron flaw. This different behavior for the location 
of maximum pressure is due to decreasing concentration (Fig. 4.3) faster than the 
diffusion of the gas to fill up the flaw which causes the maximum pressure. The same 
behavior can be noticed for the flaws of radius 80 micron and 100 micron as shown in 
Figure 4.10 and Figure 4.11, respectively. The time to reach maximum pressure increases 
with size of the flaw for both cases. 
4.2.5 Results and Discussion, Vary Size 
In this section, the calculation shows how internal pressure behaves over the time of 
depression process for a flaw with fixed location but with variation in size of a flaw. For 
each flaw location   , four different sizes are studied which are radius 4 micron, 20 
micron, 40 micron, 80 micron, and 100 micron. 
Case I: X
+
 = 0.05 
Internal pressure profile of five different sizes of flaw is shown in Figure 4.12. Time to 
reach the maximum pressure is shortest in smallest radius flaw as expected. The 
maximum pressure across all flaw sizes occurs with radius of 4 micron as the flat region 
of the curve. Other larger flaws does not have the maximum pressure (no flat region) 
because the decreasing rate of concentration (Fig.4.3) within the HDPE of the larger 
flaws is faster than the diffusion of the gas to the void space of the flaw.  
Case II: X
+ 
= 0.11, X
+
 = 0.31 
Figure 4.13 shows the internal pressure profile of flaws located at x
+
 = 0.11. Since this 
location is further away from the high pressure surface, the decreasing concentration rate 
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is slower than the earlier case thus it allows the maximum pressure to occur for a flaw of 
20 micron in radius. The flaw with location at x
+
 = 0.31 shows the pattern which the 
maximum pressure occurs for all flaws as shown in Figure 4.14. However the value of 
maximum pressure is smallest compared to other locations. 
4.2.6 Effect of the maximum pressure 
Next the pressure predicted by the constant volume theory will be used to explore how 
the spherical flaw may change with pressure by linear elastic theory. The maximum 
internal pressure of a flaw can expand the flaw. The change in radius of the flaw under 
the influence of pressure can be computed by Roark's Formulas [31] for stress and strain 
in an infinite body as; 
   
   
  
(   )                                                                           
where   is inside radius of the spherical void,    is the internal pressure,   is Young’s 
modulus (        ), and   is Poisson’s ratio (     ). 
The relative percentage change of the radius is given by 
         
(     )
  
                                                           
where    is the current radius caused by internal pressure,    is the original radius of the 
spherical void. 
Table 4.1 summarizes the maximum pressure caused by diffusion inside the flaw and 
change of radius of the void caused by the maximum internal pressure for four different 
sizes and three different locations using Eq.4.4 and Eq.4.5. All cases show a small 
amount of change of radius caused by the internal pressure. The maximum percentage 
change of radius only 0.0726 percent in a flaw with radius of 4 micron and located at 
54 
 
       . This leads to next section on a study for the failure of HDPE caused by 
internal pressure inside the flaw by comparing to a critical criterion such as the critical 
energy release rate    and the critical stress intensity factor,    which can be used as 
safety criterion of the system. 
 
Table 4.1 Change in size of the flaw caused by maximum internal pressure from 
linear elastic theory. 
   Radius, cm     , MPa ∆r, cm % change 
0.05 
4x10
-4
 0.8013 2.905x10
-7
 0.0726 
20x10
-4
 0.7648 1.386x10
-6
 0.0693 
40x10
-4
 0.6513 2.36x10
-6
 0.0590 
80x10
-4
 0.4718 3.42x10
-6
 0.0428 
0.11 
4x10
-4
 0.7552 2.738x10
-7
 0.0684 
20x10
-4
 0.7533 1.365x10
-6
 0.0683 
40x10
-4
 0.7393 2.680x10
-6
 0.0670 
80x10
-4
 0.6580 4.771x10
-6
 0.0596 
0.31 
4x10
-4
 0.5939 2.153x10
-7
 0.0684 
20x10
-4
 0.5928 1.075x10
-6
 0.0683 
40x10
-4
 0.5928 2.149x10
-6
 0.0670 
80x10
-4
 0.5913 4.287x10
-6
 0.0596 
 
4.3 Part II: Fracture mechanics and failure criteria for HDPE 
In this section, the maximum pressure caused by depressurization process from Section 
4.2 is used to determine a failure criterion of the system. A flaw with spherical shape is 
assumed in this section. Discussion of which approach is safe from the failure caused by 
the maximum pressure is given at the end of the section. 
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4.3.1 Yield criterion 
The yield criterion describes a maximum limit for linear elastic behavior of material 
under loading. There are several yield criteria for isotropic material; Maximum Principal 
Stress Theory; Maximum Principal Strain Theory; Maximum Shear Stress Theory; Total 
Strain Energy Theory; and, Distortion Energy Theory. The Von Mises criterion falls into 
the Distortion Energy Theory. This criterion can be expressed as follows for spherical 
coordinate 
 (  )   (  )                                                     4.6 
where    is the yield stress of material. 
Then the pressure to cause the HDPE to yield at a single spherical void in an infinite 
body is given by Eq.2.11. 
For the yield stress of HDPE of 26 MPa [42, p.16], the critical maximum internal 
pressure causes HDPE to yield can be calculated using Eq.2.11 as following  
   
 
 
             
As results of calculation using Eq. 2.11, for all cases, the sample with a spherical flaw 
is safe from failure by yielding since the maximum internal pressures are lower than the 
critical pressure(           ) calculated from above.  
4.3.2 Linear elastic fracture mechanics (LEFM) 
In the previous section, the spherical flaw is discussed to find a yielding criterion based 
on Distortion Energy Theory. In this section, the shape of a flaw is assumed to be circular 
shaped (that is, round but flat) for which the maximum pressure (from spherical shape) in 
Table 4.1 will be used to compare with a failure criterion based on the work of Gent and 
Wang [32]. Gent and Wang suggested that a spherical cavity that grows from an initial 
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circular shaped crack of initial radius   can be used to approximately compute the energy 
release rate. Gent and Wang assume that the circular shaped-crack can be inflated by an 
internal pressure of magnitude   into a spherical void of the same radius with no applied 
pressure, thus the materials outside the spherical void has no stress (stress free) and 
without any energy expenditure. Then the elastic strain energy can be computed using the 
solution of a spherical void in an infinite medium inflated by internal pressure   as 
obtained in Section 4.2. The energy release rate   is calculated using Eq.2.18 with the 
internal pressure in Table 4.1. 
In next section,   is related to the critical stress intensity factor     based on linear 
elastic fracture mechanics principle (LEFM). This     is material property which is 
independent of the geometry of the crack. 
4.3.3 Fracture criterion for cracking 
The stress field near the tip of a crack using principal of linear elastic system can lead to 
define failure criterion which is the critical stress intensity factor     as discussed in 
Chapter 2. Calculation of the fracture energy release rate based on Eq.2.18 can be used to 
relate to material properties     by Eq.2.21 for plane strain. Results and discussion of this 
calculation are given in the following section. 
4.3.4 Results and Discussion 
The HDPE Sample with         , Poisson’s ratio,      , and            
   ⁄  subjected to an internal pressure is used to calculate G given by Equation 2.18. 
Table 4.2 summarizes the G value caused by the internal pressure inside the flaw with 
various in sizes and locations in the body of HDPE. The critical energy release rate,    of 
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              for plane strain (Eq.2.21) is used as the failure criterion of the HDPE. 
The G value is smallest for the smallest flaw as expected. The flaw located near high 
pressure surface has largest G value due to value of the internal pressure as shown in 
Table 4.1. All cases show no failure of the sample due to the depressurization process 
since value of   are less than value of    (           
      ). 
 
Table 4.2 The energy release rate based on size and location of a spherical void. 
   Radius, cm                    ⁄  
0.05 
4x10
-4
 0.8013 0.0031 0.223e-06 
20x10
-4
 0.7648 0.0140 1.005e-06 
40x10
-4
 0.6513 0.0203 1.457e-06 
80x10
-4
 0.4718 0.0213 1.529e-06 
0.11 
4x10
-4
 0.7552 0.0027 0.194e-06 
20x10
-4
 0.7533 0.0135 0.969e-06 
40x10
-4
 0.7393 0.0261 1.874e-06 
80x10
-4
 0.6580 0.0413 2.965e-06 
0.31 
4x10
-4
 0.5939 0.0017 0.122e-06 
20x10
-4
 0.5928 0.0084 6.030e-06 
40x10
-4
 0.5928 0.0168 1.206e-06 
80x10
-4
 0.5913 0.0334 2.398e-06 
 
4.4 Circular shaped crack embedded 
In the previous section, calculation of   is used to compare with the failure criterion 
   using a spherical void. In this section, circular shaped crack embedded in an infinite 
medium is investigated. The circular shaped crack allows calculation of stress intensity 
factor   from the maximum pressure in Table 4.1 using Eq.2.22 and then compare to the 
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   value which is used as the critical criterion for the sample to be safe from failure by 
crack(flaw) propagation.  
In the stress analysis of cracks, the stress intensity factor for opening loading (Mode 
I) where the principal load is applied normal to the crack plane is denoted as   . The 
stress intensity factor defines the crack tip conditions and also the amplitude of the crack-
tip singularity which is stresses near the crack tip increase in proportion to   [38]. The 
stress analysis of a circular shaped crack embedded in a HDPE matrix subjected to an 
external tensile stress is shown in Figure 4.15. The far field stress solution can be used for 
a circular shaped crack subjected to an internal pressure by principle of superposition 
[38]. 
 For the circular shaped crack embedded in an infinite matrix, the stress intensity 
factor of Mode I is given by [38] 
   
 
 
 √             4.7 
where   is the remote tensile stress and   is the radius of a crack which give    to have 
the  units of        √      . 
In the next section, the material property that is the critical stress intensity factor     
and the critical internal pressure    are introduced. The usefulness of     is that the crack 
extension will occur when value of       . This implies that the crack will propagate 
when its internal pressure equal to the critical pressure      
4.4.1 Fracture criteria using the stress intensity factor  
The      can be used as a critical fracture criterion since     is the material property. It is 
independent of the size and geometry of the crack body [39]. The     of HDPE Sample is 
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          ⁄           . Considering an infinite HDPE medium with an embedded 
circular shaped crack, the critical internal pressure caused by diffusion for the circular 
shaped can be calculated by rearranging Equation 4.7 as follows 
   
 
 
√
 
 
        4.8 
where    is the critical internal pressure,   is the radius of a crack, and     is the critical 
stress intensity factor. 
4.4.2 Results and discussion 
The critical internal pressure for a circular shaped crack embedded in a HDPE Sample is 
computed using Equation 4.8 with     is         
  ⁄  and five values of the radius of 
the crack. Table 4.3 is the    of various size of the circular shaped crack. 
 
Table 4.3  Critical internal pressure   for various size of a circular shaped crack 
embedded in an infinite HDPE domain 
Radius,   (      )   Critical pressure,    (   ) 
4 1.5510 
20 0.6936 
40 0.4904 
80 0.3468 
100 0.3102 
 
 The computer algorithm as described in Appendix A is then used to calculate the 
internal pressure caused by the hydrogen gas diffusion as the function of time. For each 
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calculation, the fixed location of the crack and the radius of the crack are used as input 
parameters along with other essential permeation parameters and concentration of the 
hydrogen gas. Three locations of the crack embedded in the HDPE are calculated with 
five different flaw sizes and the maximum internal pressure is obtained and summarized. 
Three cases are given as Case I is the location of the flaw at        , Case II is the 
location of the flaw at        , and Case III is for the flaw located at        . 
Case I:         
Figure 4.16 is semi-log time scale to show the internal pressure as a function of time of 
five sizes of flaw located at         which is near the high pressure surface at 
beginning of depressurization.  
 Time to reach maximum internal pressure is extremely fast for a crack located close 
to the high pressure surface (       ) as shown in Table 4.4. Larger flaw requires 
more to fill up its void space compare to the smaller flaw. For example, the 4 micron flaw 
requires              filling up its void space while the 20 micron flaw requires  
            filling up its void space. For all flaws embedded at         have same 
maximum pressure of          . The internal pressure of a flaw reaches its maximum 
value when the gas fills up its void space. In other word, when the gas fills up the void 
the gas concentration at the flaw boundary (     ) equals to the concentration far away 
from the boundary (  ). 
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Table 4.4 Time to reach maximum internal pressure and the maximum internal 
pressure of five different radius flaw located at         calculated using constant 
volume model. 
Radius (micron) Time to reach      ( ) Maximum pressure      (   ) 
4                    
20                   
40                   
80                   
100                   
 
Case I:         
Figure 4.17 shows the internal pressure profile of flaws located at        . At this 
location the flaw is located further away from the high pressure surface, the initial 
concentration (  ) of the HDPE domain is less than the flaw located at  
       and 
its value is                      Table 4.5 shows time to reach maximum pressure 
and the maximum internal pressure of five different flaws located at        . Same 
behavior as Case I is noticed for the time to reach maximum pressure that is larger flaw 
requires more time filling up its void space. However the maximum pressure is less than 
Case I. All flaws have the same maximum internal pressure value of 0.7537 MPa. 
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Table 4.5 Time to reach maximum internal pressure and the maximum internal 
pressure of five different radius flaw located at         calculated using constant 
volume model. 
Radius (micron) Time to reach      ( ) Maximum pressure      (   ) 
4                    
20                   
40                   
80                   
100                   
 
Case III: X
+
 = 0.31 
Figure 4.18 shows the internal pressure profile of flaws located at x
+
 = 0.31. The flaw is 
located furthest away from the high pressure surface thus the decreasing concentration 
rate is slower than the earlier case and the initial concentration (  ) of the HDPE domain 
is smallest with its value is                      Again time to reach the maximum 
pressure is shortest in the 4 micron flaw compared to other larger flaws. The maximum 
pressure value is smallest compared to other location and its value is 0.5927 MPa as 
shown in Table 4.6. Again the maximum of the internal pressure corresponds to the value 
initial concentration of the HDPE domain which is lowest at this location. 
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Table 4.6 Time to reach maximum internal pressure and the maximum internal 
pressure of five different radius flaw located at         calculated using constant 
volume model. 
Radius (micron) Time to reach      ( ) Maximum pressure      (   ) 
4                    
20                   
40                   
80                   
100                   
 
By comparing filling time of the same size flaw for three locations of the flaw in 
Table 4.4 to Table 4.6, the flaw located near high pressure surface requires longer time to 
fill up its void space. This longer filling time is due to higher initial concentration in the 
HDPE domain compared to other location further away from high pressure surface. 
By comparing the value of    for various sizes of the flaw in Table 4.3 to the 
maximum internal pressure in Table 4.4 to Table 4.6, a flaw with radius equal to and 
greater than 20 micron will propagate because the internal pressure is higher than the 
critical pressure   . At this point, more calculation needs to be carried to include various 
size of a flaw that is smaller than radius of 20 micron to find the critical radius. A flaw 
with radius less than the critical radius will be safe from failure by flaw propagation. 
4.5 Conclusion 
The HDPE sample with a spherical flaw (crack) at various size and location in the body 
of material under depressurization process is studied. The internal pressure distribution 
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inside the void space of the flaw caused by diffusion is computed using the constant 
volume model (MATLAB Code). Then the failure criteria of HDPE based on Von Mises 
yield criterion and the critical energy release rate based on LEFM are used. For all cases 
of study, the HDPE Sample is safe from yielding and fracture failure. 
The critical stress intensity factor     and static internal pressure caused by diffusion 
are used as the failure criterion of the HDPE sample with a pre-existing circular shaped 
crack. The crack with radius greater than and equal to 20 micron will propagate while the 
crack with radius of 4 micron is safe from failure. Time to reach maximum internal 
pressure is extremely short when the crack located near the high pressure surface. For the 
crack located further away from the high pressure surface, time to reach the maximum 
internal pressure decreases because its initial concentration in the HDPE domain is less 
than the crack located near the high pressure surface. More calculation is needed to 
perform to find the critical radius of the preexisting crack in the range         
micron. 
The flaw with 20 micron in radius and located at         has the largest energy 
release rate value. While the flaw located at         with radius of 4 micron has the 
lowest energy release rate value. Very low value of energy release rate may be caused by 
LEFM theory which has limitation on perfectly brittle material and linear elastic 
behavior. Since HDPE may behave nonlinear elastic under loading condition, the 
nonlinear elastic fracture mechanics need to be included in the calculation of the energy 
release rate in the future. 
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Figure 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.2 Concentration of hydrogen gas during depressurization as function of 
time, t and spatial coordinate, x
+
. 
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Figure 4.1 Geometry of a small flaw embedded in an infinite domain. 
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Figure 4.3 Initial Concentration during depressurization (            
kmol/cm3 at x+=0.099). 
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Figure 4.4 Concentration    during depressurization at x
+
=0.099 vs. time where the 
flaw is located. 
 
Figure 4.5 Pressure profile inside the flaw at early stage of depressurization process. 
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Figure 4.6 Pressure profile inside the flaw later in the depressurization process. 
 
Figure 4.7 Pressure profile of a 4 micron flaw at different locations. 
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Figure 4.8 Pressure profile of a 20 micron flaw at different locations. 
 
Figure 4.9 Pressure profile of a 40 micron flaw at different locations. 
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Figure 4.10 Pressure profile of 80 micron flaw at different locations. 
 
Figure 4.11 Pressure profile of a 100 micron flaw at different locations. 
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Figure 4.12 Pressure profile of a flaw at x
+
 = 0.05 with function of radius and time. 
 
Figure 4.13 Pressure profile of a flaw at x
+
 = 0.11 with function of radius and time. 
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Figure 4.14 Pressure profile of a flaw at x
+
 = 0.31 with function of radius and time. 
 
 
 
 
 
 
 
 
 
Figure 4.15 A circular shaped crack with an arbitrary radius value of a embedded 
in a HDPE matrix subjected to a remote tensile stress. 
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Figure 4.16 Internal pressure of the flaw located at         and five different 
radiuses of 4 micron, 20 micron, 40 micron, 80 micron, and 100 micron. The 
internal pressure is calculated using constant volume model. 
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Figure 4.17 Internal pressure of the flaw located at         and five different 
radiuses of 4 micron, 20 micron, 40 micron, 80 micron, and 100 micron. The 
internal pressure is calculated using constant volume model. 
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Figure 4.18 Internal pressure of the flaw located at         and five different 
radiuses of 4 micron, 20 micron, 40 micron, 80 micron, and 100 micron. The 
internal pressure is calculated using constant volume model. 
 
 
10
-14
10
-12
10
-10
10
-8
10
-6
10
-4
1
2
3
4
5
6
7
8
9
x 10
5
Time, second
P
re
ss
u
re
, 
P
a
sc
a
l
 
 
100 micron
80 micron
40 micron
20 micron
4 micron
76 
 
Chapter 5 Calculation of Internal Pressure 
and Evaluation of new material  
5.1 Introduction 
The internal pressure of a circular flaw is calculated using the constant volume model 
as shown in Chapter 4. In this chapter, further study of internal pressure in a flaw under 
depressurization process of the HDPE and hydrogen gas system with a varying volume 
model is discussed. Commercial FEM software COMSOL is used to verify the results 
from the varying volume model that is developed here in this dissertation with MATLAB 
as described in Appendix A. The varying volume model couples two physical processes 
(solids mechanics and gas diffusion). In the first part of this Chapter, the pressure is 
calculated using a varying volume model. In the second part of this Chapter, the internal 
pressure of an ellipsoidal flaw is simulated using COMSOL to verify the results from 
both constant volume model (Chapter 4) and the varying volume model.  
The third part of this Chapter shows the internal pressure, which can be used to 
calculate the stress intensity factor to determine if the HDPE is safe from failure by crack 
propagation as discussed in Chapter 4.  
At the end of this Chapter, the method to evaluate a new material for blister formation 
during depressurization is given.  
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5.2 Calculation of internal pressure using varying volume model (MATLAB) 
In this section, the flaw is assumed to be initially a flat shape but with thickness 
depending upon internal pressure. The flaw is located in the center of the domain as 
shown in Figure 5.1. The material description of the sample (HDPE) and the sample 
domain and the flaw domain are the same as described in Section 4.2. The procedure for 
calculation of pressure is given in Appendix A. Then a discussion of calculation of 
internal pressure is shown and the stress intensity factor is computed and compared to the 
critical stress intensity factor. 
Calculation of the pressure is discussed extensively in Section 4.2.3. Here is the detail 
in the time loop calculation of the varying volume model in Appendix A which differs 
from the constant volume model. In the constant volume model, the volume is assumed to 
be constant throughout duration of calculation (from              ) and the internal 
pressure is computed from Eq. B.8 (Appendix B) as  
          5.1 
where volume is expressed as (Eq. B.7 of Appendix B) 
  
  
  
  
 
   
(    )  5.2 
This pressure   is used in updating concentration at boundaries of the flaw by Henry’s law of 
sorption. 
In the varying volume model, the total internal pressure is updating at the end of each 
time step using Eq. 5.3 by coupling the volume expression in Eq. 5.2 to pressure 
expression in Eq.5.1 instead of using Eq. 5.1 as shown in Step 6 of Appendix A. Thus the 
pressure expression is given as 
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  √
   
 
 5.3 
where 
  
 
  
  
 
   
(    ) 5.4 
By comparing the volume expression in Eq. 5.2 to Fig. 4.15, the deflection of HDPE due 
to internal pressure creates a circular shape flaw which closely matches to the geometry 
shown in Fig. 4.15. The next section discusses the results of the internal pressure 
calculation using the varying volume model. 
Results of the pressure calculation are given next for a fixed flaw location. For each 
flaw location   , five different sizes are studied which are radius 4 micron, 20 micron, 40 
micron, 80 micron, and 100 micron. The pressure plots are shown in semi-log time scale 
as shown on Figure 5.2 to Figure 5.4. Time to reach maximum pressure and maximum 
pressure are given first. Then the maximum pressure is used to calculate the stress 
intensity factor for each location of the flaw. 
5.2.1 Time to reach maximum pressure and maximum pressure 
In this section, results of the calculation for each location of the flaw are summarized and 
discussed. Case I is the location of the flaw at        , Case II is the location of the 
flaw at        , and Case III is for the flaw located at        . 
Case I: X
+
 = 0.05 
Internal pressure profile of five different sizes of flaw is shown in Figure 5.2. The 
initial gas concentration (  ) is assumed to be uniform at        
             The 
gas diffuses into the void(flaw) space by concentration difference between the gas 
concentration at the boundary of the void and the gas concentration far away from the 
boundary of the void. Figure 5.2 shows that time to reach the maximum pressure is 
79 
 
shortest in smallest flaw as expected. Larger flaw requires longer time to fill up the void 
space by the gas. The maximum pressure is reached when the gas filled up the void and 
its value of all flaw sizes are the same as 0.7997 MPa as shown in Table 5.1.  
 
Table 5.1 Time to reach maximum internal pressure and the maximum internal 
pressure of the flaw located at         and five different radius of 4 micron, 20 
micron, 40 micron, 80 micron, and 100 micron using varying volume model. 
Radius (micron) Time to reach      ( ) Maximum pressure      (   ) 
4                   
20                   
40                   
80                   
100                   
 
Case II: X
+ 
= 0.11 
Figure 5.3 shows the internal pressure profile of flaws located at        . At this 
location the flaw is located further away from the high pressure surface (          )  
The initial concentration (  ) of the HDPE domain is less than the flaw located at 
        and its value is                      Same behavior as Case I is noticed 
for the time to reach maximum pressure. However the maximum pressure has smaller 
value of 0.7537 MPa compare to the location at         of 0.7997 MPa. Table 5.2 
summarizes time to reach maximum pressure and the maximum pressure.  
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Table 5.2 Time to reach maximum internal pressure and the maximum internal 
pressure of the flaw located at         and five different radius of 4 micron, 20 
micron, 40 micron, 80 micron, and 100 micron using varying volume model. 
Radius (micron) Time to reach      ( ) Maximum pressure      (   ) 
4                    
20                   
40                   
80                   
100                   
 
Case III: X
+
 = 0.31 
Figure 5.4 shows the internal pressure profile of flaws located at x
+
 = 0.31. The flaw is 
located furthest away from the high pressure surface. Decreasing concentration rate is 
slower than the earlier case and the initial concentration (  ) of the HDPE domain is 
lowest with its value of                      Again time to reach the maximum 
pressure is shortest in the 4 micron flaw compared to other larger flaws. The maximum 
pressure is smallest compared to other location and its value is 0.7454 MPa as shown in 
Table 5.3.  
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Table 5.3 Time to reach maximum internal pressure and the maximum internal 
pressure of the flaw located at         and five different radius of 4 micron, 20 
micron, 40 micron, 80 micron, and 100 micron using varying volume model. 
Radius (micron) Time to reach      ( ) Maximum pressure      (   ) 
4                    
20                   
40                   
80                   
100                   
 
The varying volume model (coupling the expansion of the void caused by the internal 
pressure base on linear elastic mechanics with diffusion) shows a longer period to reach 
the maximum pressure. For example, time to reach the maximum pressure of 4 micron 
flaw is               and               in the varying volume model and in the 
constant volume model, respectively. The relative percentage difference in the time to 
reach the maximum pressure between the constant volume model and the varying volume 
model of various sizes is shown in Table 5.4. It shows that the relative percentage 
difference of the time to reach the maximum pressure can be considered as size 
independence because the difference is very small. 
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Table 5.4 Relative percentage difference of time to reach maximum internal 
pressure of the flaw located at         with five different radiuses of 4 micron, 
20 micron, 40 micron, 80 micron, and 100 micron using the varying volume model 
and the constant volume model. 
Radius (micron) Relative percentage difference of time to reach      ( ) 
4      
20      
40      
80      
100      
 
5.2.2 The stress intensity factor and critical pressure 
The stress intensity factor can be calculated using Eq. 4.7 for circular shaped crack. The 
critical pressure    can also be calculated using Eq. 4.8 which is shown in Table 4.3. The 
crack with radius 4 micron, 20 micron, 40 micron, 80 micron, and 100 micron has the 
critical pressure of 1.5510 MPa, 0.6936 MPa, 0.4904 MPa, 0.3468 MPa, and 0.3102 
MPa, respectively. By comparing the value of    for various size of the crack in Table 
4.3 to the maximum internal pressure in Table 5.1 to Table 5.3, a crack with radius equal 
to and greater than 20 micron will propagate due to the internal pressure which is the 
same results that calculated from the constant volume model in Chapter 4.  
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5.3 Calculation of internal pressure using FEM (COMSOL Multiphysics) 
In this section, a flaw is assumed to be an ellipsoidal shape with constant volume and 
with varying volume under depressurization process as shown in Figure 5.1. The 
ellipsoidal flaw has ratio of semi-major axis to semi-minor axis of 100. The internal 
pressure simulated using finite element method (FEM). The COMSOL Multiphysics is 
commercial software that has capability to simulate the diffusion of a gas in HDPE 
during depressurization. Once the internal pressure is obtained from the COMSOL, it can 
be used to compute the stress intensity factor of the given crack. The stress intensity 
factor is geometry dependent which depends on shape and size of the given crack. The 
stress intensity factor of the ellipsoidal shape is expressed as follows [38, p.49] 
    √
  
 
     5.5 
where          (  )⁄
    
        (    )      ,   is semi-major axis, and 
  is semi-minor axis. 
Model definition and setup details to use in COMSOL will be given in the next 
section. 
5.3.1 Model definition and properties 
Figure 5.1 shows geometry of an ellipsoidal flaw with radius of 100 micron in semi-
major axis and 1 micron of semi-minor axis embedded in the HDPE domain. The HDPE 
domain is in cylindrical coordinate with radius of        and its low pressure surface is 
at     and its high pressure surface is at           . The 2D axisymmetric plane is 
shown in Fig.5.1 and is used in COMSOL to simulate the gas diffusion during 
depressurization process with Transport of Diluted Species module. The transport of 
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diluted species in COMSOL is set to be diffusion mechanism only. This sets COMSOL 
study to use Fick’s laws to simulate the diffusion as follows 
   
  
   (      )     5.6 
where   is number of species,   is concentration,   is diffusivity coefficient,   is time, and 
  is reaction (source term). In this study,   is set to be zero. 
Figure 5.5 and Fig.5.6 show geometry of the HDPE domain and the flaw domain 
embedded in the HDPE domain at        , respectively. Figure 5.7 shows mesh of 
100 micron flaw with complete mesh consists of 15862 elements. The smallest element 
size is 0.28 micron. This is the finest size of the mesh offer by COMSOL with related to 
geometry and physics of the model. Details of this model set up are shown in      
Appendix C. 
Basic properties of the two domains are shown in Table 5.5. The flaw domain 
assumed to have very high diffusivity coefficient value compared to the HDPE domain. 
The HDPE domain is assumed to have uniform concentration initially with hydrogen gas 
of                  .Outer boundaries of the HDPE are set to be open boundary 
type with zero hydrogen concentration without convection (equivalent to zero 
concentration boundary condition). This allows hydrogen gas to diffuse out of the domain 
with boundaries are kept at zero concentration. Initially the flaw domain has            
                 of hydrogen gas. The flaw’s boundaries are set by COMSOL to 
insure continuity of diffusive flux. These set up conditions are used during simulation for 
constant volume model as shown in Appendix C. 
For varying volume model, at each time step, the concentration at the flaw’s 
boundary is set to be equal to  
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   ́  √          5.7 
where   is constant coefficient expressed as 
  ́     √
     
 (    )
     
  
 
where   is solubility,    is surface area,   is temperature,   is Youmg’s modulus,   is 
Poisson’s ratio,    is thickness of thinner HDPE section, and   is semi-major axis. The 
mass is computed in COMSOL by integration of diffusive flux and multiply by surface 
area as shown in Section 2.5 of Appendix C. 
 
Table 5.5 Basic properties of the HDPE domain. 
Parameter Value 
D                 
S                  (      ) 
Ru                  (     ) 
T      
E        
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5.3.2 Results and discussion 
Diffusion of a gas of two domains during depressurization is simulated using COMSOL. 
Results of the simulation are shown and discussed here into two main models which are 
constant volume model and varying volume model. The first approach is to study effect 
of the location of the 100 micron flaw. The three locations are        ,        , 
and         and the boundary of the flaw is assumed to have an initially uniform 
concentration of           ,           , and            , respectively. The 
initial concentration value is the steady-state concentration value at the end of 
pressurization process as discussed in Chapter 3. The pressure is calculated from the 
concentration based on Henry’s law of sorption (Eq.2.3). The second approach is to study 
effect of size of the flaw at fixed location at           Two sizes are chosen as 4 
micron and 100 micron of semi-major axis of the ellipsoidal flaw. At the end comparison 
between results of the two models, constant volume model and varying volume model, is 
shown and discussed. 
A. Constant volume model (fixed size, varying location) 
Figure 5.8 to Fig.5.10 show the concentration profile of 100 micron flaw embedded in the 
HDPE domain at        . The result of simulation is plotted at the end of 10 seconds. 
Figure 5.8 is 3D plot of the concentration of the two domains. It clearly shows that after 
10 seconds of diffusion, the gas diffuses into the void space of the flaw because of the 
concentration difference as governed by Fick’s law. The concentration of the boundary of 
the flaw increases from initially            to           . Figure 5.9 shows this 
concentration distribution as section of 2D plot and Figure 5.10 shows the contour of this 
concentration. It shows that concentration away from the flaw has a symmetric 
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distribution and increases away from the void. The concentration far away from the flaw 
is still at the initial concentration of           as shown in Figure 5.8. 
The concentration profile of the flaw embedded at         is shown in Fig. 5.11. 
At this location, HDPE domain has a concentration of           initially. After 10 
seconds of simulation, increasing of concentration on the boundary of the flaw occurs 
with value of              which is also symmetric to semi-major axis. For the flaw 
located at        , same diffusion behavior is also noticed as at the previous location. 
The concentration at the boundary of the flaw is              after 10 seconds of 
simulation. At this location, the HDPE domain has concentration of            . 
Figure 5.13 shows concentration profile of three locations together after 35 seconds. 
It clearly shows that the maximum pressure is achieved when the concentration at the 
boundary reach the initial concentration of the HDPE domain. For constant and varying 
volume model, the maximum pressure is exactly the same as the maximum pressure 
calculated from the MATLAB. It value is          ,          , and           
for the flaw located at        ,        , and        , respectively and is shown 
in Table 5.6. 
Table 5.6 Maximum pressure simulated form COMSOL. 
            
0.05 0.799 
0.11 0.7537 
0.31 0.5927 
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B. Constant volume model (fixed location, varying size) 
For the flaw located at         of two flaws with semi-major axis of 4 micron and 100 
micron, the maximum pressure is reach faster in 4 micron flaw compared to 100 micron 
flaw as shown in Fig. 5.14 and Fig.5.15. Time to reach the maximum pressure is about 
0.1 seconds, and 35 second for 4 micron flaw, and 100 micron flaw, respectively. 
Diffusion requires longer time filling up the void space of a larger flaw. 
C. Comparison of constant volume model and varying volume model in COMSOL 
COMSOL is used to simulated concentration in the flaw with constant volume model and 
with varying volume model. Internal pressure is calculated from the concentration based 
on Henry’s law of sorption (Eq.2.3) and plotted against time as shown in Fig. 5.14 and 
Fig.5.15. Figure 5.14 shows the internal pressure profile of ellipsoidal flaw with semi-
major axis of 4 micron for both constant volume model and varying volume model. 
Internal pressure behaves the same in both models. However the constant volume model 
reaches the maximum internal pressure of 0.799     within 35 seconds while the 
varying volume model reaches the internal pressure of 0.798    . It shows that the 
varying volume model take a little bit longer to reach the maximum internal pressure 
compare to the constant volume model. Maximum relative percentage difference of 
concentration between the constant volume and varying volume is       and        
for 4 micron flaw and 100 micron flaw as shown in Fig. 5.16 and Fig.5.17, respectively. 
This difference of internal pressure value obtained from the constant volume model and 
the varying volume model at the same time shows that the internal pressure causes the 
volume of the flaw expand during simulation. However changing in volume of the flaw is 
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very small because the maximum internal pressure is very small compare to Young’s 
modulus of the HDPE (800   ). 
5.4 Conclusion 
Conclusion is separated into two parts. The conclusion in the first part is drawn from 
results obtained in varying volume model (MATLAB) and results obtained in COMSOL. 
The conclusion in the second part is drawn from results obtained in COMSOL between 
constant volume model and varying volume model. 
A. Varying volume model in MATLAB and COMSOL 
Both methods show that the internal pressure of the flaw reaches the same maximum 
value of          ,          , and           for the flaw located at        , 
       , and        , respectively. These results from COMSOL agree with the 
results from the model using MATLAB. These maximum internal pressure values are 
very importance for failure of HDPE. They can be used to compare to the critical stress 
intensity factor by relating pressure and the stress intensity factor in Eq. 5.5.  
Time to reach these maximum internal pressures between these methods is different 
because the volume of the flaw in the model using MATLAB is much smaller (very 
flatted) compared to the flaw in the model using COMSOL. Thus time filling up the void 
space of the flaw in the model using MATLAB is much faster than the model using 
COMSOL. 
B. Constant volume model and varying volume model in COMSOL 
Both models reach the same maximum internal pressure. However the varying 
volume model takes longer time to reach the maximum pressure than the constant volume 
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model because the internal pressure expands the void space of the flaw. Relative 
percentage difference of the internal pressure between the constant volume model and the 
varying volume model at each time of simulation is very small (      and        for 4 
micron flaw and 100 micron flaw, respectively). This small difference shows that the 
internal pressure causes the volume of the flaw expand during simulation. However 
changing in volume of the flaw is very small because the maximum internal pressure is 
very small compare to Young’s modulus of the HDPE (800   ). 
5.5 Evaluation of new material for formation of blisters during depressurization 
This section outlines the method to evaluate a new material for blister formation 
during depressurization. First, measure permeation parameters for a new material by 
using data from laboratory and using computer algorithm to curve-fitting experimental 
data and theoretical data as discussed in Section 5.5.1. Review of standard testing 
techniques to measure fracture toughness of a specimen also presented in Section 5.5.2. 
Section 5.5.3 discusses how these values are combined to predict if the material is safe 
from blister formation. 
5.5.1 Measurement of permeation parameters 
In order to measure permeation parameters for a new material, two major procedures 
need to be performed. The first procedure is performed in laboratory as discussed in Sec. 
3.2.1 to obtain the history of diffusion. The second procedure uses data from the first 
procedure to curve fit with theoretical model by computer algorithm. 
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Laboratory data 
Laboratory setup to obtain flow data of hydrogen gas which diffuses through the 
specimen is shown in Figure 3.2 which is discussed in details in Chapter 3. The necessary 
flow data are volumetric flow rate of hydrogen gas as a function of time in isothermal 
system and pressure of the gas. Unit of the volumetric flow rate   is     ⁄ , time   is in 
second and pressure   in    . 
Curve fitting 
The computer program which is developed here in this work has ability to calculate the 
volumetric flow rate of the hydrogen gas from the mathematical model as expressed in 
Equation 3.18 and Equation 3.30 for pressurization process and depressurization process, 
respectively. Curve-fitting routine which utilizes the MATLAB Optimization tool uses 
value of experimental data and theoretical data which is   and   to find the best fit by 
varying permeation parameters which are   and  . Once the best fit obtained, the 
permeation parameters can be deduced from the result. 
Details of procedure can be given into stepwise as follows: 
Step 1: The experimental data including time, pressure, volumetric flow rate, and 
dimensions of the specimen are used as the input data for the program.  
Step 2: The program calculates the volumetric flow rate from the mathematical 
expression for example Equation 3.18 based on pressure, time and dimensions of the 
specimen from Step 1, then uses that model volumetric flow rate and volumetric flow rate 
from the laboratory to perform curve-fitting routine simultaneously by using the 
MATLAB Optimization tool. 
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Step 3: The results which are the permeation parameters are obtained from the best fit 
between those experimental data and model data. 
Step 4: The plot of experimental volumetric flow rate and model volumetric flow rate in 
Step 3 versus time is shown in the same graph to graphically express its best fit. 
5.5.2 Measuring of fracture toughness 
Standard testing techniques to measure material properties for fracture applications are 
outlined. The testing procedure is straightforward [24, p 580] by divided into steps as 
follows 
Step 1 make a specimen with a sharp crack for fracture test. 
Step 2 loads the specimen in a tensile testing machine. 
Step 3 monitor the crack opening displacement   during the test. 
Step 4 plot applied load   versus  , then draw a 5% secant line on the plot and use the 
intersection point between this line and the     curve as shown in Figure 5.18. Value 
of the intersection point is the critical load   . Then calculate fracture toughness     
based on   .  
For another standard test is called the crack tip opening displacement (CTOD) is 
outlined. The CTOD method is described by [40] as follows 
The Crack Tip Opening Displacement or CTOD Test measures the resistance of a 
material to the propagation of a crack. CTOD is used on materials that can show some 
plastic deformation before failure occurs causing the tip to stretch open.  
To prepare a specimen for a CTOD test, a notch is machined in the center of the 
specimen and then an actual fatigue crack is carefully induced at the base of the notch. 
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The crack must be long enough to pass through any area displaying plastic deformity 
caused by the machining process. 
The actual test is performed by placing the specimen in 3 point bending and 
accurately measuring the amount the crack opens. For this purpose a strain gage is 
employed, mounted to a clip between two precisely placed knife edges at the mouth of 
the machined notch. 
The crack tip opening is plotted against the load applied. There are three basic types 
of fracture behavior with this test: brittle fracture, pop-in, and ductile as shown in Figure 
5.19. The first curve shows a brittle fracture with little or no plastic deformation. The 
curve shows a pop-in where the crack initiates in a brittle manner but is soon arrested by 
tougher more ductile material. This behavior can occur many times giving the curve a 
saw tooth appearance. And the third curve depicts a completely plastic or ductile 
behavior. 
Locating the notch correctly in the material being tested is important. A fatigue crack 
positioned incorrectly will not sample the required area thus invalidating the test. 
Polishing, etching and metallurgical examination are often used to provide the 
required accuracy in notch placement. These techniques may also be employed after the 
test to provide additional confirmation of the validity of the test. 
5.5.3 Prediction of blister behavior—safe or not safe? 
Prediction of blister behavior in a material is very important for the design of a safe 
product. In order to predict the blister behavior, first, the permeation parameters of the 
material must be evaluated which is discussed in Chapter 3. Next, the internal pressure 
inside the crack during depressurization is computed which is discussed in details in 
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Chapter 4 for constant volume model and in Section 5.2 for varying volume model. Last, 
the internal pressure which related to the    or stress can be compared to the material 
property which is the     or yield stress for crack propagation and yielding, respectively 
as discussed in Chapter 4. The value of fracture toughness of the material can be 
measured in laboratory as discussed in Section 5.3. In principle the material is safe from 
failure when the     is less than the    or the internal pressure inside the crack is less than 
the yield stress depends on which condition comes first. 
5.6 Conclusion 
The outline of permeation parameters measurement using the method that is 
developed in this work and the CTOD Test are given. The essential result of CTOD Test 
or fracture test leads to obtain the critical stress intensity factor     of the specimen by 
using mathematical expression such as Equation 4.7. Safety of material or structure can 
compare    to     based on principle of LEFM which is stated that the crack will 
propagate if       . Also can be safe from yielding by comparing the internal pressure 
inside the crack during depressurization to the yield stress. 
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Figure 
 
Figure 5.1 Schematic of a circular flaw embedded in the HDPE domain. 
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Figure 5.2 Internal pressure of the flaw located at         and five different 
radiuses of 4 micron, 20 micron, 40 micron, 80 micron, and 100 micron. The 
internal pressure is calculated using varying volume model. 
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Figure 5.3 Internal pressure of the flaw located at         and five different 
radiuses of 4 micron, 20 micron, 40 micron, 80 micron, and 100 micron. The 
internal pressure is calculated using varying volume model. 
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Figure 5.4 Internal pressure of the flaw located at         and five different 
radiuses of 4 micron, 20 micron, 40 micron, 80 micron, and 100 micron. The 
internal pressure is calculated using varying volume model. 
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Figure 5.5 Geometry of two domains, HDPE and a flaw, are in 2D axisymmetric 
system.  
 
Figure 5.6 An ellipsoidal flaw with major radius of 100 micron embedded in the 
HDPE domain at        . 
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Figure 5.7 Mesh of a 100 micron flaw embedded in HDPE domain at        . 
Complete mesh consists of 15862 elements for HDPE domain and flaw domain. 
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Figure 5.8 Concentration profile in 3D of the 100 micron flaw domain embedded at 
        in HDPE domain with 1.4    in radius. The concentration profile is at 
10 seconds of depressurization. The HDPE domain initially has concentration of 
63.6      and the flaw has concentration of 8.06      . 
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Figure 5.9 Section of concentration profile in 2D of the 100 micron flaw domain 
embedded at         in HDPE domain with 1.4    in radius. The concentration 
profile is at 10 seconds of depressurization. The HDPE domain initially has 
concentration of 63.6      and the flaw has concentration of 8.06      . 
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Figure 5.10 Section of contour plot of concentration of the 100 micron flaw domain 
embedded at         in HDPE domain with 1.4    in radius. The concentration 
profile is at 10 seconds of depressurization. The HDPE domain initially has 
concentration of 63.6      and the flaw has concentration of 8.06      . 
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Figure 5.11 Concentration of the 100 micron flaw domain embedded at         
in HDPE domain with 1.4    in radius. The concentration profile is at 10 seconds of 
depressurization. The HDPE domain initially has concentration of 59.94    
  and the flaw has concentration of 8.06      . 
   
Figure 5.12 Concentration of the 100 micron flaw domain embedded at         
in HDPE domain with 1.4    in radius. The concentration profile is at 10 seconds of 
depressurization. The HDPE domain initially has concentration of 47.14    
  and the flaw has concentration of 8.06      . 
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Figure 5.13 Internal pressure profiles in the 100 micron flaw embedded in the 
HDPE domain at        ,        , and         were calculated from 
varying volume model with COMSOL. The maximum internal pressure are 0.798 
   , 0.752   , and 0.592   , respectively. 
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Figure 5.14 Internal pressure profiles in the 4 micron flaw embedded in the HDPE 
domain at         were calculated from constant volume model and varying 
volume model with COMSOL. The maximum pressure at       are 0.799    and 
0.798    for constant volume model and varying volume model, respectively. The 
maximum relative percentage difference is        
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Figure 5.15 Internal pressure profiles in the 100 micron flaw embedded in the 
HDPE domain at         were calculated from constant volume model and 
varying volume model with COMSOL. The maximum pressure at      are 0.799 
    and 0.798    for constant volume model and varying volume model, 
respectively. The maximum relative percentage difference is        
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Figure 5.16 Relative percentage error of internal pressure between constant volume 
model and varying volume model of 4 micron flaw located at        . Maximum 
relative percentage error is        
 
Figure 5.17 Relative percentage error of internal pressure between constant volume 
model and varying volume model of 100 micron flaw located at        . 
Maximum relative percentage error is        
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Figure 5.18 Procedure used to determine fracture load from a load-displacement 
curve for a standard specimen [24, p 581]. 
 
 
Figure 5.19 Three basic types of fracture behavior from CTOD Test [40]. 
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Chapter 6 Conclusions and future work 
6.1 Conclusions 
The permeation parameters of four HDPE samples were found with a parameter 
estimation method (1D model) based on a nonlinear curve-fitting procedure under both 
pressurization and depressurization processes. This 1D model provides a fast and 
accurate estimation of the permeation parameters. By comparing this 1D model to a 
simple 2D model, the maximum relative percentage difference of diffusive flux is 16.23 
percent as shown in Appendix D.  
The internal pressure of the pre-existing flaw embedded in the HDPE domain is 
calculated with the model developed in this dissertation and verified the results with FEM 
software COMSOL. The effects of location and size of the flaw on the internal pressure 
are studied. The failure checking procedure of the sample with assumed pre-existing flaw 
geometry using the known permeation parameters is performed and determined whether 
the sample is safe from failure by yielding or crack propagation. The outline of 
permeation parameters measurement using the method that is developed in this work and 
the crack tip opening displacement (CTOD) Test are given. 
The important conclusions of this study are summarized as follows 
1 A diffusion model without contact conductance is suitable to use for obtaining 
the parameters during the pressurization process. 
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2 The addition of contact conductance in the diffusion model which provides for 
the jump initial condition is required to estimate permeation parameters in the 
depressurization process. 
3 Contraction of the HDPE during pressurization process results in lower estimates 
of the diffusivity coefficient value and higher estimates of the solubility value. 
4 Introduction of an effective cross-section area can be used to mitigate the error in 
the depressurization process caused by two-dimensional effects. 
5 The model is also effective in explaining the short-duration peak in gas flow 
observed experimentally during the depressurization process. 
6 The HDPE sample with a pre-existing spherical void is safe from failure by 
yielding and crack propagation based on Von Mises yield criterion and the 
critical energy release rate. 
7 The HDPE sample with a pre-existing circular shaped flaw of radius greater than 
and equal to 20 micron will propagate while the flaw with radius of 4 micron is 
safe from failure by crack propagation, based on linear elastic fracture mechanic 
theory. 
8 Results found by the semi-analytical model developed in this work are verified 
by FEM software COMSOL. Both methods show good agreement in behavior of 
the internal pressure profile. Also the same value of the internal pressure is 
obtained in both methods. 
9 The maximum internal pressure of the flaw is dependent on location of the flaw 
in the sample and is independent of size of the flaw. 
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10 The outline of permeation parameters measurement using the method that is 
developed in this work and the crack tip opening displacement (CTOD) Test are 
given and the test leads to obtain the critical stress intensity factor     which is 
used as the failure criterion of the sample by crack propagation. 
6.2 Future work 
More work remains to be done to understand blisters in polymers caused by 
depressurization. In this dissertation shows only the basic framework of how to obtain the 
internal pressure and used it as the failure criterion by assuming one pre-existing flaw 
embedded in homogeneous medium. Future work includes the following: 
1 For measurement of permeation parameters, to improve the overall fit between 
model and experiment, a more elaborate model of the diffusion character of the 
polymer, could be used, such as spatially-varying or concentration-varying 
diffusion coefficient. 
2 Because HDPE may behave in a nonlinear fashion under loading condition, 
nonlinear elastic fracture mechanics could be included in the calculation of the 
energy release rate. 
3 Measurement of the stress intensity factor in laboratory could be carried out for a 
chosen sample. 
4 Temperature dependent behavior of the HDPE needs to be studied to understand 
the failure under varying temperature conditions. 
5 Porous medium can be used to study the coupling of the internal pressure and 
stress in the medium during depressurization process. This leads to further 
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understanding of new material under depressurization process in aspects of safety 
design.  
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Appendix A: Pressure calculation algorithm 
and definition of parameters 
First part of Appendix A defines parameters and their values which are used in the 
computer algorithm to compute pressure in the void space of a circular flaw embedded in 
the HDPE. The second part is the algorithm for calculation of pressure with the volume 
of the void space changes with time during depressurization. The stepwise approach is 
used to compute pressure with constant volume of the void space in each time step. Then 
new pressure and concentration at the boundary of the flaw are updated for the next time 
step. 
Definitions 
   diffusive surface area,   
  
   far fielded concentration,       
 ⁄  
      inner interface boundary concentration,       
 ⁄  
  diffusivity coefficient,     ⁄  
  Young’s modulus,    
  radius of the flaw,    
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   universal gas constant,      
  (      ) 
  solubility,     (      )⁄  
  temperature,   
  volume of the flaw,     
   time step size,   
  diffusive flux,     (     )⁄  
  molar flow rate,      ⁄  
   number of time step,        
  inner pressure,    
     atmospheric pressure,    
  mass of hydrogen gas at each time step,      
     total mass of hydrogen gas,      
  time,   
   thickness,    
  Poisson’s ration 
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Constant variables: Case I (circular flaw with 4 micron radius embedded at center 
of HDPE and located at        ) 
Diffusion properties: 
          
          ⁄  
                  
             
    
      
 
HDPE properties: 
             
      
Ideal gas law properties: 
           
 
      
      
 
       
                
    
Geometry and time properties: 
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Initial values: 
               
Initial variables: 
     
  
   
 
 
(Initial mass based on Ideal gas laws) 
  
 (   )
   
  
   
     
 (Initial volume based on formulas in Table 24 Formulas for 
flat circular plates of constant thickness Case 10: uniformly 
distributed load from         [31], Eq. B.7) 
      
   (assume two diffusive surfaces for circular flaw) 
             (Initial concentration at the interface at flaw boundary) 
 
Time loop Calculation: 
For tt=2 to nt 
Step 1: 
 (  )  
  (        )
 
 
(Computing diffusive flux based on 
concentration expression in Eq. 2.1 and 
Eq. 4.1b) 
Step 2:  (  )      (  ) (Computing molar flow rate by 
multiplying the diffusive flux to the 
surface area of diffusion) 
Step 3: 
 (  )  [
 (    )   (  )
 
]     
(Mass calculation base on an average flow 
rate value where  (    ) the mass in 
the previous time step is and  (  ) is the 
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mass in the current time step) 
Step 4:            (  ) (calculate total mass accumulated in the 
void space of the circular flaw) 
Step 5: 
  
 (    )
   
  
   
 
(Define constant to calculate pressure in 
next step) 
Step 6: 
 (  )  √
        
 
 
(Pressure inside the flaw derived by 
combining Ideal gas law and formulas 
given by reference [31].) 
Step 7:         (  ) (Updating concentration at boundary of 
the flaw based on current pressure from 
Henry’s law of absorption) 
Step 8:  (  )   (    )     (Updating time data which will be used in 
plotting output results) 
Repeat Step 1  
End of time loop when tt=nt  
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Appendix B: Derivation of pressure 
calculation 
Appendix B composes of two parts. The first part expresses volume of the deflected 
circular plate base on linear elastic mechanics. The second part expresses pressure as a 
result of coupling pressure expressed in the Idea gas law and the pressure expressed in 
the linear elastic model for circular plates of constant thickness [31]. 
1. Linear elastic model for flat circular plates of constant thickness [31]. 
Solid circular plate under uniformly distributed load from   to a is used to represent 
the HDPE sample with a flaw. 
 
Figure B.1 Schematic of the deflection of flat plate for elastic model 
loads, Ω 
fixed 
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Deflection of the flat plate when    is zero is calculated using equations in Reference 
[31] as follows 
     
   
 
  (   )
     (B.1) 
where 
  
   
  (    )
 (B.2) 
    
    
   
 (B.3) 
   
    
   
 (B.4) 
   
   (   )
  
 (B.5) 
  is load per unit area. 
Final expression for vertical deflection, y, is 
  
 
  
(    )
   
 (            ) (B.6) 
Volume of deflection can be found by integration and has expression as following 
  
  
  
  
 
   
(    )  (B.7) 
2. Pressure expression by coupling the ideal gas law and linear elasticity 
The ideal gas law states that 
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       (B.8) 
where   is pressure,  is volume,   is mass,   is universal gas constant, and   is 
temperature. 
Substitute volume from the above equation (Eq.B7), then pressure can be expressed 
as 
  √
   
 
 (B.9) 
  
 
  
  
 
   
(    ) (B.10) 
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Appendix C: COMSOL Report 
Report generated in COMSOL is shown below. The report is from the varying volume 
model with 100 micron of semi-major axis flaw embedded at        . It shows all 
details of how this model is set up and how this model is solved in COMSOL 
Multiphysics 4.3a.  
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2D Axisymetric Diffusion (Varying 
Volume, a=100micron) 
Date Nov 18, 2012 5:53:31 PM 
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1 Global Definitions 
1.1 Parameters 1 
Parameters 
Name Expression Description 
RHDPE 1.4[cm]  
th 0.018[cm]  
L 0.363[cm]  
rf 100e-6[m]  
d rf/100  
solu 7.953e-14[kmol/(cm^3*Pa)]  
patm 1.01325e5[Pa]  
Ru 8.315e6[Pa*cm^3/(mol*K)]  
Temp 300[K]  
E 800e6[Pa]  
nu 0.3  
dtime 1e-2  
tend 3500*dtime  
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Name Expression Description 
pp 1.6075  
rf_d rf[1/m]  
d_d d[1/m]  
SA_para ((rf_d^pp*d_d^pp + rf_d^pp*rf_d^pp + 
d_d^pp*rf_d^pp)/3)^(1/pp) 
 
SA 2*pi*SA_para[m^2] half ellipsoid surface area 
beta pi*rf^6*(1 - nu^2)/(16*E*th^3)  
const1 (SA*Ru*Temp/beta)  
vol 4*pi*rf^2*d/3  
As 4*pi*SA_para full ellipsoid surface area 
c1 6.36e-8[kmol/cm^3]  
c2 0  
cc solu*patm  
 
1.2 Variables 
1.2.1 Variables 1a 
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2 Model 1 (mod1) 
2.1 Definitions 
2.1.1 Variables 
Variables 2 
Selection 
Geometric entity level Entire model 
 
Name Expression Description 
const1 (SA*Ru*Temp/beta)  
const2 sqrt(const1[1/mol])  
bc_c1 solu*const2[m^2]  
 
2.1.2 Coordinate Systems 
Boundary System 1 
Coordinate system type Boundary system 
Identifier sys1 
 
Settings 
Name Value 
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Name Value 
Coordinate names {t1, to, n} 
Create first tangent direction from Global Cartesian 
 
2.2 Geometry 1 
 
Geometry 1 
units 
Length unit cm 
Angular unit deg 
 
Geometry statistics 
Property Value 
Space dimension 2 
Number of domains 2 
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Property Value 
Number of boundaries 9 
 
2.2.1 Rectangle 1 (r1) 
Position 
Name Value 
Position {0, 0} 
Width RHDPE 
Height L 
Size {RHDPE, L} 
 
2.2.2 Ellipse 1 (e1) 
Position 
Name Value 
Position {0, L - th} 
a-semiaxis rf 
b-semiaxis d 
Semiaxes {rf, d} 
Sector angle 90 
 
2.2.3 Mirror 1 (mir1) 
Selections of resulting entities 
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Name Value 
Create selections On 
Keep input objects On 
Point in plane {0, 0.345} 
Plane normal {0, 1} 
 
2.2.4 Union 1 (uni1) 
Selections of resulting entities 
Name Value 
Create selections On 
Keep interior boundaries Off 
Edge All 
 
2.2.5 Difference 1 (dif1) 
Selections of resulting entities 
Name Value 
Create selections On 
Keep input objects On 
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2.2.6 Point 1 (pt1) 
Selections of resulting entities 
Name Value 
Point coordinate {0, L - th + d} 
 
2.2.7 Point 2 (pt2) 
Selections of resulting entities 
Name Value 
Point coordinate {0, .345} 
 
2.3 Materials 
2.3.1 HDPE 
 
HDPE 
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Selection 
Geometric entity level Domain 
Selection Domain 1 
 
Material parameters 
Name Value Unit 
 
Basic Settings 
Description Value 
Coefficient of thermal expansion {{150e-6[1/K], 0, 0}, {0, 150e-6[1/K], 0}, {0, 0, 
150e-6[1/K]}} 
Heat capacity at constant pressure 1900[J/(kg*K)] 
Relative permittivity {{2.3, 0, 0}, {0, 2.3, 0}, {0, 0, 2.3}} 
Density 930[kg/m^3] 
Thermal conductivity {{0.38[W/(m*K)], 0, 0}, {0, 0.38[W/(m*K)], 0}, 
{0, 0, 0.38[W/(m*K)]}} 
 
Young's modulus and Poisson's ratio Settings 
Description Value 
Young's modulus 0.8e9[Pa] 
Poisson's ratio 0.3 
 
138 
 
2.3.2 Air (2) 
 
Air (2) 
Selection 
Geometric entity level Domain 
Selection Domain 2 
 
Material parameters 
Name Value Unit 
 
Basic Settings 
Description Value 
Dynamic viscosity eta(T[1/K])[Pa*s] 
Ratio of specific heats 1.4 
Electrical conductivity {{0[S/m], 0, 0}, {0, 0[S/m], 0}, {0, 0, 0[S/m]}} 
Heat capacity at constant pressure Cp(T[1/K])[J/(kg*K)] 
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Description Value 
Density rho(pA[1/Pa], T[1/K])[kg/m^3] 
Thermal conductivity {{k(T[1/K])[W/(m*K)], 0, 0}, {0, 
k(T[1/K])[W/(m*K)], 0}, {0, 0, 
k(T[1/K])[W/(m*K)]}} 
Speed of sound cs(T[1/K])[m/s] 
 
2.4 Transport of Diluted Species (chds) 
 
Transport of Diluted Species 
Selection 
Geometric entity level Domain 
Selection Domains 1–2 
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Equations 
 
 
Settings 
Description Value 
Convection 0 
Show equation assuming std1/time 
 
2.4.1 Diffusion 
 
Diffusion 
Selection 
Geometric entity level Domain 
Selection Domain 1 
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Equations 
 
 
Settings 
Settings 
Description Value 
Diffusion coefficient {{1.05e-6[cm^2/s], 0, 0}, {0, 1.05e-6[cm^2/s], 0}, {0, 0, 
1.05e-6[cm^2/s]}} 
Bulk material HDPE (mat1) 
 
Variables 
Name Expression Unit Description Selection 
chds.Drr_c 1.05E-
6[cm^2/s] 
m^2/s Diffusion coefficient, rr 
component 
Domain 1 
chds.Dphir_c 0 m^2/s Diffusion coefficient, phir 
component 
Domain 1 
chds.Dzr_c 0 m^2/s Diffusion coefficient, zr 
component 
Domain 1 
chds.Drphi_c 0 m^2/s Diffusion coefficient, rphi 
component 
Domain 1 
chds.Dphiphi_ 1.05E- m^2/s Diffusion coefficient, Domain 1 
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Name Expression Unit Description Selection 
c 6[cm^2/s] phiphi component 
chds.Dzphi_c 0 m^2/s Diffusion coefficient, 
zphi component 
Domain 1 
chds.Drz_c 0 m^2/s Diffusion coefficient, rz 
component 
Domain 1 
chds.Dphiz_c 0 m^2/s Diffusion coefficient, 
phiz component 
Domain 1 
chds.Dzz_c 1.05E-
6[cm^2/s] 
m^2/s Diffusion coefficient, zz 
component 
Domain 1 
chds.Dav_c 0.5*(chds.Drr_c
+chds.Dzz_c) 
m^2/s Average diffusion 
coefficient 
Domain 1 
chds.tfluxr_c -chds.Drr_c*cr-
chds.Drz_c*cz 
mol/(m^2*s) Total flux, r component Domain 1 
chds.tfluxphi_
c 
-
chds.Dphir_c*c
r-
chds.Dphiz_c*c
z 
mol/(m^2*s) Total flux, phi component Domain 1 
chds.tfluxz_c -chds.Dzr_c*cr-
chds.Dzz_c*cz 
mol/(m^2*s) Total flux, z component Domain 1 
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Name Expression Unit Description Selection 
chds.dfluxr_c -chds.Drr_c*cr-
chds.Drz_c*cz 
mol/(m^2*s) Diffusive flux, r 
component 
Domain 1 
chds.dfluxphi
_c 
-
chds.Dphir_c*c
r-
chds.Dphiz_c*c
z 
mol/(m^2*s) Diffusive flux, phi 
component 
Domain 1 
chds.dfluxz_c -chds.Dzr_c*cr-
chds.Dzz_c*cz 
mol/(m^2*s) Diffusive flux, z 
component 
Domain 1 
chds.gradr_c cr mol/m^4 Concentration gradient, r 
component 
Domain 1 
chds.gradphi_
c 
0 mol/m^4 Concentration gradient, 
phi component 
Domain 1 
chds.gradz_c cz mol/m^4 Concentration gradient, z 
component 
Domain 1 
chds.ntflux_c chds.nr*chds.tfl
uxr_c+chds.nph
i*chds.tfluxphi_
c+chds.nz*chds
.tfluxz_c 
mol/(m^2*s) Normal total flux Boundari
es 1–2, 
5–9 
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Name Expression Unit Description Selection 
chds.ndflux_c chds.nr*chds.df
luxr_c+chds.np
hi*chds.dfluxph
i_c+chds.nz*ch
ds.dfluxz_c 
mol/(m^2*s) Normal diffusive flux Boundari
es 1–2, 
5–9 
chds.dfluxMa
g_c 
sqrt(chds.dfluxr
_c^2+chds.dflu
xphi_c^2+chds.
dfluxz_c^2) 
mol/(m^2*s) Diffusive flux magnitude Domain 1 
chds.tfluxMag
_c 
sqrt(chds.tfluxr
_c^2+chds.tflux
phi_c^2+chds.tf
luxz_c^2) 
mol/(m^2*s) Total flux magnitude Domain 1 
chds.helem h m Element size Domain 1 
chds.glim_ma
ss 
0.1[mol/m^3]/c
hds.helem 
mol/m^4 Lower gradient limit Domain 1 
chds.Ck_mass 0.5 1 Tuning parameter Domain 1 
chds.Res_c -chds.R_c mol/(m^3*s) Equation residual Domain 1 
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2.4.2 Axial Symmetry 1 
 
Axial Symmetry 1 
Selection 
Geometric entity level Boundary 
Selection Boundaries 1, 3–5 
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2.4.3 No Flux 1 
 
No Flux 1 
Selection 
Geometric entity level Boundary 
Selection No boundaries 
 
Equations 
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2.4.4 Initial Values 1 
 
Initial Values 1 
Selection 
Geometric entity level Domain 
Selection Domain 1 
 
Settings 
Settings 
Description Value 
Concentration c1 
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2.4.5 Initial Values 2 
 
Initial Values 2 
Selection 
Geometric entity level Domain 
Selection Domain 2 
 
Settings 
Settings 
Description Value 
Concentration solu*patm 
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2.4.6 Diffusion 1 
 
Diffusion 1 
Selection 
Geometric entity level Domain 
Selection Domain 2 
 
Equations 
 
 
Settings 
Settings 
Description Value 
Diffusion coefficient {{1[m^2/s], 0, 0}, {0, 1[m^2/s], 0}, {0, 0, 1[m^2/s]}} 
Bulk material Air (2) (mat4) 
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Variables 
Name Expression Unit Description Selection 
chds.Drr_c 1[m^2/s] m^2/s Diffusion coefficient, rr 
component 
Domain 2 
chds.Dphir_c 0 m^2/s Diffusion coefficient, phir 
component 
Domain 2 
chds.Dzr_c 0 m^2/s Diffusion coefficient, zr 
component 
Domain 2 
chds.Drphi_c 0 m^2/s Diffusion coefficient, rphi 
component 
Domain 2 
chds.Dphiphi
_c 
1[m^2/s] m^2/s Diffusion coefficient, 
phiphi component 
Domain 2 
chds.Dzphi_c 0 m^2/s Diffusion coefficient, zphi 
component 
Domain 2 
chds.Drz_c 0 m^2/s Diffusion coefficient, rz 
component 
Domain 2 
chds.Dphiz_c 0 m^2/s Diffusion coefficient, phiz 
component 
Domain 2 
chds.Dzz_c 1[m^2/s] m^2/s Diffusion coefficient, zz 
component 
Domain 2 
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Name Expression Unit Description Selection 
chds.Dav_c 0.5*(chds.Drr
_c+chds.Dzz
_c) 
m^2/s Average diffusion 
coefficient 
Domain 2 
chds.tfluxr_c -
chds.Drr_c*c
r-
chds.Drz_c*c
z 
mol/(m^2*s
) 
Total flux, r component Domain 2 
chds.tfluxphi_
c 
-
chds.Dphir_c
*cr-
chds.Dphiz_c
*cz 
mol/(m^2*s
) 
Total flux, phi component Domain 2 
chds.tfluxz_c -
chds.Dzr_c*c
r-
chds.Dzz_c*c
z 
mol/(m^2*s
) 
Total flux, z component Domain 2 
chds.dfluxr_c -
chds.Drr_c*c
r-
mol/(m^2*s
) 
Diffusive flux, r 
component 
Domain 2 
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Name Expression Unit Description Selection 
chds.Drz_c*c
z 
chds.dfluxphi
_c 
-
chds.Dphir_c
*cr-
chds.Dphiz_c
*cz 
mol/(m^2*s
) 
Diffusive flux, phi 
component 
Domain 2 
chds.dfluxz_c -
chds.Dzr_c*c
r-
chds.Dzz_c*c
z 
mol/(m^2*s
) 
Diffusive flux, z 
component 
Domain 2 
chds.gradr_c cr mol/m^4 Concentration gradient, r 
component 
Domain 2 
chds.gradphi_
c 
0 mol/m^4 Concentration gradient, phi 
component 
Domain 2 
chds.gradz_c cz mol/m^4 Concentration gradient, z 
component 
Domain 2 
chds.ntflux_c chds.nr*chds.
tfluxr_c+chds
mol/(m^2*s
) 
Normal total flux Boundaries 
3–4, 8–9 
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Name Expression Unit Description Selection 
.nphi*chds.tfl
uxphi_c+chds
.nz*chds.tflux
z_c 
chds.ndflux_c chds.nr*chds.
dfluxr_c+chd
s.nphi*chds.d
fluxphi_c+ch
ds.nz*chds.df
luxz_c 
mol/(m^2*s
) 
Normal diffusive flux Boundaries 
3–4, 8–9 
chds.dfluxMa
g_c 
sqrt(chds.dflu
xr_c^2+chds.
dfluxphi_c^2
+chds.dfluxz
_c^2) 
mol/(m^2*s
) 
Diffusive flux magnitude Domain 2 
chds.tfluxMa
g_c 
sqrt(chds.tflu
xr_c^2+chds.t
fluxphi_c^2+
chds.tfluxz_c
^2) 
mol/(m^2*s
) 
Total flux magnitude Domain 2 
chds.helem h m Element size Domain 2 
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Name Expression Unit Description Selection 
chds.glim_ma
ss 
0.1[mol/m^3]
/chds.helem 
mol/m^4 Lower gradient limit Domain 2 
chds.Ck_mass 0.5 1 Tuning parameter Domain 2 
chds.Res_c -chds.R_c mol/(m^3*s
) 
Equation residual Domain 2 
 
2.4.7 Concentration 4 
 
Concentration 4 
Selection 
Geometric entity level Boundary 
Selection Boundaries 8–9 
 
Equations 
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Settings 
Settings 
Description Value 
Concentration bc_c1*sqrt(int_flux[m^2/mol])[mol/m^3] 
Species c 1 
 
Variables 
Name Expression Unit Description Selection 
chds.c0_c bc_c1*sqrt(int_flux[m^2/mol])[
mol/m^3] 
mol/m^3 Concentration Boundaries 
8–9 
 
2.4.8 Open Boundary 1 
 
Open Boundary 1 
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Selection 
Geometric entity level Boundary 
Selection Boundaries 2, 6–7 
 
Equations 
 
Variables 
Name Expression Unit Description Selection 
chds.c0_c 0 mol/m^3 Concentration Boundaries 
2, 6–7 
chds.cjump_c c-chds.c0_c mol/m^3 Concentration 
jump 
Boundaries 
2, 6–7 
chds.jump_pen_c 48*root.mod1.chds.o
pen1.Dphere_c1^2*h/
(root.mod1.chds.open
1.Dphere_c2*down(d
vol)) 
m/s Boundary 
condition 
jump penalty 
term 
Boundaries 
2, 6–7 
chds.Dgradcn_c chds.nrmesh*(chds.D
rr_c*cr+chds.Drz_c*
cz)+chds.nzmesh*(ch
ds.Dzr_c*cr+chds.Dz
z_c*cz) 
mol/(m^2*s) Boundary 
condition help 
variable 
Boundaries 
2, 6–7 
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Name Expression Unit Description Selection 
chds.DTestgradcn
_c 
chds.nrmesh*(chds.D
rr_c*test(cr)+chds.Dr
z_c*test(cz))+chds.nz
mesh*(chds.Dzr_c*te
st(cr)+chds.Dzz_c*te
st(cz)) 
mol/(m^2*s) Boundary 
condition help 
variable 
Boundaries 
2, 6–7 
chds.upwind_c 0 mol/(m^2*s) Boundary 
condition 
upwinding 
term 
Boundaries 
2, 6–7 
 
2.5 Boundary ODEs and DAEs (bode) 
 
Boundary ODEs and DAEs 
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Selection 
Geometric entity level Boundary 
Selection Boundaries 8–9 
 
Settings 
Description Value 
Dependent variable quantity None 
Unit mol/m^2 
Unit mol/m^2/s 
 
2.5.1 Distributed ODE 1 
 
Distributed ODE 1 
Selection 
Geometric entity level Boundary 
Selection Boundaries 8–9 
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Equations 
 
Settings 
Settings 
Description Value 
Source term chds.dfluxMag_c 
 
2.5.2 Initial Values 1 
 
Initial Values 1 
Selection 
Geometric entity level Boundary 
Selection Boundaries 8–9 
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Settings 
Settings 
Description Value 
Initial value for int_flux 0 + 1e-20 
 
2.6 Mesh 1 
 
Mesh 1 
2.6.1 Size (size) 
Settings 
Name Value 
Maximum element size 0.014 
Minimum element size 2.8E-5 
Resolution of curvature 0.2 
Predefined size Extremely fine 
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3 Study 1 
3.1 Time Dependent 
Times: range(0,dtime,tend) 
Mesh selection 
Geometry Mesh 
Geometry 1 (geom1) mesh1 
 
Physics selection 
Physics Discretization 
Transport of Diluted Species (chds) physics 
Boundary ODEs and DAEs (bode) physics 
 
3.2 Solver Configurations 
3.2.1 Solver 1 
Compile Equations: Time Dependent (st1) 
Study and step 
Name Value 
Use study Study 1 
Use study step Time Dependent 
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Dependent Variables 1 (v1) 
General 
Name Value 
Defined by study step Time Dependent 
 
Initial values of variables solved for 
Name Value 
Solution Zero 
 
Values of variables not solved for 
Name Value 
Solution Zero 
 
mod1.c (mod1_c) 
General 
Name Value 
Field components mod1.c 
 
mod1.int_flux (mod1_int_flux) 
General 
Name Value 
Field components mod1.int_flux 
Field name mod1_u 
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Time-Dependent Solver 1 (t1) 
General 
Name Value 
Defined by study step Time Dependent 
Time {0, 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.1, 0.11, 0.12, 0.13, 0.14, 0.15, 0.16, 
0.17, 0.18, 0.19, 0.2, 0.21, 0.22, 0.23, 0.24, 0.25, 0.26, 0.27, 0.28, 0.29, 0.3, 0.31, 0.32, 0.33, 
0.34, 0.35000000000000003, 0.36, 0.37, 0.38, 0.39, 0.4, 0.41000000000000003, 0.42, 0.43, 
0.44, 0.45, 0.46, 0.47000000000000003, 0.48, 0.49, 0.5, 0.51, 0.52, 0.53, 0.54, 0.55, 0.56, 
0.5700000000000001, 0.58, 0.59, 0.6, 0.61, 0.62, 0.63, 0.64, 0.65, 0.66, 0.67, 0.68, 
0.6900000000000001, 0.7000000000000001, 0.71, 0.72, 0.73, 0.74, 0.75, 0.76, 0.77, 0.78, 
0.79, 0.8, 0.81, 0.8200000000000001, 0.8300000000000001, 0.84, 0.85, 0.86, 0.87, 0.88, 
0.89, 0.9, 0.91, 0.92, 0.93, 0.9400000000000001, 0.9500000000000001, 0.96, 0.97, 0.98, 
0.99, 1, 1.01, 1.02, 1.03, 1.04, 1.05, 1.06, 1.07, 1.08, 1.09, 1.1, 1.11, 1.12, 
1.1300000000000001, 1.1400000000000001, 1.1500000000000001, 1.16, 1.17, 1.18, 1.19, 
1.2, 1.21, 1.22, 1.23, 1.24, 1.25, 1.26, 1.27, 1.28, 1.29, 1.3, 1.31, 1.32, 1.33, 1.34, 1.35, 1.36, 
1.37, 1.3800000000000001, 1.3900000000000001, 1.4000000000000001, 1.41, 1.42, 1.43, 
1.44, 1.45, 1.46, 1.47, 1.48, 1.49, 1.5, 1.51, 1.52, 1.53, 1.54, 1.55, 1.56, 1.57, 1.58, 1.59, 1.6, 
1.61, 1.62, 1.6300000000000001, 1.6400000000000001, 1.6500000000000001, 
1.6600000000000001, 1.67, 1.68, 1.69, 1.7, 1.71, 1.72, 1.73, 1.74, 1.75, 1.76, 1.77, 1.78, 1.79, 
1.8, 1.81, 1.82, 1.83, 1.84, 1.85, 1.86, 1.87, 1.8800000000000001, 1.8900000000000001, 
1.9000000000000001, 1.9100000000000001, 1.92, 1.93, 1.94, 1.95, 1.96, 1.97, 1.98, 1.99, 2, 
2.0100000000000002, 2.02, 2.0300000000000002, 2.04, 2.05, 2.06, 2.07, 2.08, 2.09, 2.1, 
2.11, 2.12, 2.13, 2.14, 2.15, 2.16, 2.17, 2.18, 2.19, 2.2, 2.21, 2.22, 2.23, 2.24, 2.25, 
2.2600000000000002, 2.27, 2.2800000000000002, 2.29, 2.3000000000000003, 2.31, 2.32, 
2.33, 2.34, 2.35, 2.36, 2.37, 2.38, 2.39, 2.4, 2.41, 2.42, 2.43, 2.44, 2.45, 2.46, 2.47, 2.48, 2.49, 
2.5, 2.5100000000000002, 2.52, 2.5300000000000002, 2.54, 2.5500000000000003, 2.56, 
2.57, 2.58, 2.59, 2.6, 2.61, 2.62, 2.63, 2.64, 2.65, 2.66, 2.67, 2.68, 2.69, 2.7, 2.71, 2.72, 2.73, 
2.74, 2.75, 2.7600000000000002, 2.77, 2.7800000000000002, 2.79, 2.8000000000000003, 
2.81, 2.82, 2.83, 2.84, 2.85, 2.86, 2.87, 2.88, 2.89, 2.9, 2.91, 2.92, 2.93, 2.94, 2.95, 2.96, 2.97, 
2.98, 2.99, 3, 3.0100000000000002, 3.02, 3.0300000000000002, 3.04, 3.0500000000000003, 
3.06, 3.0700000000000003, 3.08, 3.09, 3.1, 3.11, 3.12, 3.13, 3.14, 3.15, 3.16, 3.17, 3.18, 3.19, 
3.2, 3.21, 3.22, 3.23, 3.24, 3.25, 3.2600000000000002, 3.27, 3.2800000000000002, 3.29, 
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Name Value 
3.3000000000000003, 3.31, 3.3200000000000003, 3.33, 3.34, 3.35, 3.36, 3.37, 3.38, 3.39, 
3.4, 3.41, 3.42, 3.43, 3.44, 3.45, 3.46, 3.47, 3.48, 3.49, 3.5, 3.5100000000000002, 3.52, 
3.5300000000000002, 3.54, 3.5500000000000003, 3.56, 3.5700000000000003, 3.58, 3.59, 
3.6, 3.61, 3.62, 3.63, 3.64, 3.65, 3.66, 3.67, 3.68, 3.69, 3.7, 3.71, 3.72, 3.73, 3.74, 3.75, 
3.7600000000000002, 3.77, 3.7800000000000002, 3.79, 3.8000000000000003, 3.81, 
3.8200000000000003, 3.83, 3.84, 3.85, 3.86, 3.87, 3.88, 3.89, 3.9, 3.91, 3.92, 3.93, 3.94, 3.95, 
3.96, 3.97, 3.98, 3.99, 4, 4.01, 4.0200000000000005, 4.03, 4.04, 4.05, 4.0600000000000005, 
4.07, 4.08, 4.09, 4.1, 4.11, 4.12, 4.13, 4.14, 4.15, 4.16, 4.17, 4.18, 4.19, 4.2, 4.21, 4.22, 4.23, 
4.24, 4.25, 4.26, 4.2700000000000005, 4.28, 4.29, 4.3, 4.3100000000000005, 4.32, 4.33, 
4.34, 4.3500000000000005, 4.36, 4.37, 4.38, 4.39, 4.4, 4.41, 4.42, 4.43, 4.44, 4.45, 4.46, 4.47, 
4.48, 4.49, 4.5, 4.51, 4.5200000000000005, 4.53, 4.54, 4.55, 4.5600000000000005, 4.57, 
4.58, 4.59, 4.6000000000000005, 4.61, 4.62, 4.63, 4.64, 4.65, 4.66, 4.67, 4.68, 4.69, 4.7, 4.71, 
4.72, 4.73, 4.74, 4.75, 4.76, 4.7700000000000005, 4.78, 4.79, 4.8, 4.8100000000000005, 
4.82, 4.83, 4.84, 4.8500000000000005, 4.86, 4.87, 4.88, 4.89, 4.9, 4.91, 4.92, 4.93, 4.94, 4.95, 
4.96, 4.97, 4.98, 4.99, 5, 5.01, 5.0200000000000005, 5.03, 5.04, 5.05, 5.0600000000000005, 
5.07, 5.08, 5.09, 5.1000000000000005, 5.11, 5.12, 5.13, 5.14, 5.15, 5.16, 5.17, 5.18, 5.19, 5.2, 
5.21, 5.22, 5.23, 5.24, 5.25, 5.26, 5.2700000000000005, 5.28, 5.29, 5.3, 
5.3100000000000005, 5.32, 5.33, 5.34, 5.3500000000000005, 5.36, 5.37, 5.38, 5.39, 5.4, 
5.41, 5.42, 5.43, 5.44, 5.45, 5.46, 5.47, 5.48, 5.49, 5.5, 5.51, 5.5200000000000005, 5.53, 5.54, 
5.55, 5.5600000000000005, 5.57, 5.58, 5.59, 5.6000000000000005, 5.61, 5.62, 5.63, 5.64, 
5.65, 5.66, 5.67, 5.68, 5.69, 5.7, 5.71, 5.72, 5.73, 5.74, 5.75, 5.76, 5.7700000000000005, 5.78, 
5.79, 5.8, 5.8100000000000005, 5.82, 5.83, 5.84, 5.8500000000000005, 5.86, 5.87, 5.88, 
5.89, 5.9, 5.91, 5.92, 5.93, 5.94, 5.95, 5.96, 5.97, 5.98, 5.99, 6, 6.01, 6.0200000000000005, 
6.03, 6.04, 6.05, 6.0600000000000005, 6.07, 6.08, 6.09, 6.1000000000000005, 6.11, 6.12, 
6.13, 6.140000000000001, 6.15, 6.16, 6.17, 6.18, 6.19, 6.2, 6.21, 6.22, 6.23, 6.24, 6.25, 6.26, 
6.2700000000000005, 6.28, 6.29, 6.3, 6.3100000000000005, 6.32, 6.33, 6.34, 
6.3500000000000005, 6.36, 6.37, 6.38, 6.390000000000001, 6.4, 6.41, 6.42, 6.43, 6.44, 6.45, 
6.46, 6.47, 6.48, 6.49, 6.5, 6.51, 6.5200000000000005, 6.53, 6.54, 6.55, 
6.5600000000000005, 6.57, 6.58, 6.59, 6.6000000000000005, 6.61, 6.62, 6.63, 
6.640000000000001, 6.65, 6.66, 6.67, 6.68, 6.69, 6.7, 6.71, 6.72, 6.73, 6.74, 6.75, 6.76, 
6.7700000000000005, 6.78, 6.79, 6.8, 6.8100000000000005, 6.82, 6.83, 6.84, 
6.8500000000000005, 6.86, 6.87, 6.88, 6.890000000000001, 6.9, 6.91, 6.92, 6.93, 6.94, 6.95, 
6.96, 6.97, 6.98, 6.99, 7, 7.01, 7.0200000000000005, 7.03, 7.04, 7.05, 7.0600000000000005, 
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Name Value 
7.07, 7.08, 7.09, 7.1000000000000005, 7.11, 7.12, 7.13, 7.140000000000001, 7.15, 7.16, 
7.17, 7.18, 7.19, 7.2, 7.21, 7.22, 7.23, 7.24, 7.25, 7.26, 7.2700000000000005, 7.28, 7.29, 7.3, 
7.3100000000000005, 7.32, 7.33, 7.34, 7.3500000000000005, 7.36, 7.37, 7.38, 
7.390000000000001, 7.4, 7.41, 7.42, 7.43, 7.44, 7.45, 7.46, 7.47, 7.48, 7.49, 7.5, 7.51, 
7.5200000000000005, 7.53, 7.54, 7.55, 7.5600000000000005, 7.57, 7.58, 7.59, 
7.6000000000000005, 7.61, 7.62, 7.63, 7.640000000000001, 7.65, 7.66, 7.67, 7.68, 7.69, 7.7, 
7.71, 7.72, 7.73, 7.74, 7.75, 7.76, 7.7700000000000005, 7.78, 7.79, 7.8, 
7.8100000000000005, 7.82, 7.83, 7.84, 7.8500000000000005, 7.86, 7.87, 7.88, 
7.890000000000001, 7.9, 7.91, 7.92, 7.930000000000001, 7.94, 7.95, 7.96, 7.97, 7.98, 7.99, 
8, 8.01, 8.02, 8.03, 8.040000000000001, 8.05, 8.06, 8.07, 8.08, 8.09, 8.1, 8.11, 
8.120000000000001, 8.13, 8.14, 8.15, 8.16, 8.17, 8.18, 8.19, 8.2, 8.21, 8.22, 8.23, 8.24, 8.25, 
8.26, 8.27, 8.28, 8.290000000000001, 8.3, 8.31, 8.32, 8.33, 8.34, 8.35, 8.36, 
8.370000000000001, 8.38, 8.39, 8.4, 8.41, 8.42, 8.43, 8.44, 8.45, 8.46, 8.47, 8.48, 8.49, 8.5, 
8.51, 8.52, 8.53, 8.540000000000001, 8.55, 8.56, 8.57, 8.58, 8.59, 8.6, 8.61, 
8.620000000000001, 8.63, 8.64, 8.65, 8.66, 8.67, 8.68, 8.69, 8.700000000000001, 8.71, 8.72, 
8.73, 8.74, 8.75, 8.76, 8.77, 8.78, 8.790000000000001, 8.8, 8.81, 8.82, 8.83, 8.84, 8.85, 8.86, 
8.870000000000001, 8.88, 8.89, 8.9, 8.91, 8.92, 8.93, 8.94, 8.950000000000001, 8.96, 8.97, 
8.98, 8.99, 9, 9.01, 9.02, 9.03, 9.040000000000001, 9.05, 9.06, 9.07, 9.08, 9.09, 9.1, 9.11, 
9.120000000000001, 9.13, 9.14, 9.15, 9.16, 9.17, 9.18, 9.19, 9.200000000000001, 9.21, 9.22, 
9.23, 9.24, 9.25, 9.26, 9.27, 9.28, 9.290000000000001, 9.3, 9.31, 9.32, 9.33, 9.34, 9.35, 9.36, 
9.370000000000001, 9.38, 9.39, 9.4, 9.41, 9.42, 9.43, 9.44, 9.450000000000001, 9.46, 9.47, 
9.48, 9.49, 9.5, 9.51, 9.52, 9.53, 9.540000000000001, 9.55, 9.56, 9.57, 9.58, 9.59, 9.6, 9.61, 
9.620000000000001, 9.63, 9.64, 9.65, 9.66, 9.67, 9.68, 9.69, 9.700000000000001, 9.71, 9.72, 
9.73, 9.74, 9.75, 9.76, 9.77, 9.78, 9.790000000000001, 9.8, 9.81, 9.82, 9.83, 9.84, 9.85, 9.86, 
9.870000000000001, 9.88, 9.89, 9.9, 9.91, 9.92, 9.93, 9.94, 9.950000000000001, 9.96, 9.97, 
9.98, 9.99, 10, 10.01, 10.02, 10.03, 10.040000000000001, 10.05, 10.06, 10.07, 10.08, 10.09, 
10.1, 10.11, 10.120000000000001, 10.13, 10.14, 10.15, 10.16, 10.17, 10.18, 10.19, 
10.200000000000001, 10.21, 10.22, 10.23, 10.24, 10.25, 10.26, 10.27, 10.28, 
10.290000000000001, 10.3, 10.31, 10.32, 10.33, 10.34, 10.35, 10.36, 10.370000000000001, 
10.38, 10.39, 10.4, 10.41, 10.42, 10.43, 10.44, 10.450000000000001, 10.46, 10.47, 10.48, 
10.49, 10.5, 10.51, 10.52, 10.53, 10.540000000000001, 10.55, 10.56, 10.57, 10.58, 10.59, 
10.6, 10.61, 10.620000000000001, 10.63, 10.64, 10.65, 10.66, 10.67, 10.68, 10.69, 
10.700000000000001, 10.71, 10.72, 10.73, 10.74, 10.75, 10.76, 10.77, 10.78, 
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Name Value 
10.790000000000001, 10.8, 10.81, 10.82, 10.83, 10.84, 10.85, 10.86, 10.870000000000001, 
10.88, 10.89, 10.9, 10.91, 10.92, 10.93, 10.94, 10.950000000000001, 10.96, 10.97, 10.98, 
10.99, 11, 11.01, 11.02, 11.03, 11.040000000000001, 11.05, 11.06, 11.07, 11.08, 11.09, 11.1, 
11.11, 11.120000000000001, 11.13, 11.14, 11.15, 11.16, 11.17, 11.18, 11.19, 
11.200000000000001, 11.21, 11.22, 11.23, 11.24, 11.25, 11.26, 11.27, 11.28, 
11.290000000000001, 11.3, 11.31, 11.32, 11.33, 11.34, 11.35, 11.36, 11.370000000000001, 
11.38, 11.39, 11.4, 11.41, 11.42, 11.43, 11.44, 11.450000000000001, 11.46, 11.47, 11.48, 
11.49, 11.5, 11.51, 11.52, 11.53, 11.540000000000001, 11.55, 11.56, 11.57, 11.58, 11.59, 
11.6, 11.61, 11.620000000000001, 11.63, 11.64, 11.65, 11.66, 11.67, 11.68, 11.69, 
11.700000000000001, 11.71, 11.72, 11.73, 11.74, 11.75, 11.76, 11.77, 11.78, 
11.790000000000001, 11.8, 11.81, 11.82, 11.83, 11.84, 11.85, 11.86, 11.870000000000001, 
11.88, 11.89, 11.9, 11.91, 11.92, 11.93, 11.94, 11.950000000000001, 11.96, 11.97, 11.98, 
11.99, 12, 12.01, 12.02, 12.030000000000001, 12.040000000000001, 12.05, 12.06, 12.07, 
12.08, 12.09, 12.1, 12.11, 12.120000000000001, 12.13, 12.14, 12.15, 12.16, 12.17, 12.18, 
12.19, 12.200000000000001, 12.21, 12.22, 12.23, 12.24, 12.25, 12.26, 12.27, 
12.280000000000001, 12.290000000000001, 12.3, 12.31, 12.32, 12.33, 12.34, 12.35, 12.36, 
12.370000000000001, 12.38, 12.39, 12.4, 12.41, 12.42, 12.43, 12.44, 12.450000000000001, 
12.46, 12.47, 12.48, 12.49, 12.5, 12.51, 12.52, 12.530000000000001, 12.540000000000001, 
12.55, 12.56, 12.57, 12.58, 12.59, 12.6, 12.61, 12.620000000000001, 12.63, 12.64, 12.65, 
12.66, 12.67, 12.68, 12.69, 12.700000000000001, 12.71, 12.72, 12.73, 12.74, 12.75, 12.76, 
12.77, 12.780000000000001, 12.790000000000001, 12.8, 12.81, 12.82, 12.83, 12.84, 12.85, 
12.86, 12.870000000000001, 12.88, 12.89, 12.9, 12.91, 12.92, 12.93, 12.94, 
12.950000000000001, 12.96, 12.97, 12.98, 12.99, 13, 13.01, 13.02, 13.030000000000001, 
13.040000000000001, 13.05, 13.06, 13.07, 13.08, 13.09, 13.1, 13.11, 13.120000000000001, 
13.13, 13.14, 13.15, 13.16, 13.17, 13.18, 13.19, 13.200000000000001, 13.21, 13.22, 13.23, 
13.24, 13.25, 13.26, 13.27, 13.280000000000001, 13.290000000000001, 13.3, 13.31, 13.32, 
13.33, 13.34, 13.35, 13.36, 13.370000000000001, 13.38, 13.39, 13.4, 13.41, 13.42, 13.43, 
13.44, 13.450000000000001, 13.46, 13.47, 13.48, 13.49, 13.5, 13.51, 13.52, 
13.530000000000001, 13.540000000000001, 13.55, 13.56, 13.57, 13.58, 13.59, 13.6, 13.61, 
13.620000000000001, 13.63, 13.64, 13.65, 13.66, 13.67, 13.68, 13.69, 13.700000000000001, 
13.71, 13.72, 13.73, 13.74, 13.75, 13.76, 13.77, 13.780000000000001, 13.790000000000001, 
13.8, 13.81, 13.82, 13.83, 13.84, 13.85, 13.86, 13.870000000000001, 13.88, 13.89, 13.9, 
13.91, 13.92, 13.93, 13.94, 13.950000000000001, 13.96, 13.97, 13.98, 13.99, 14, 14.01, 
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Name Value 
14.02, 14.030000000000001, 14.040000000000001, 14.05, 14.06, 14.07, 14.08, 14.09, 14.1, 
14.11, 14.120000000000001, 14.13, 14.14, 14.15, 14.16, 14.17, 14.18, 14.19, 
14.200000000000001, 14.21, 14.22, 14.23, 14.24, 14.25, 14.26, 14.27, 14.280000000000001, 
14.290000000000001, 14.3, 14.31, 14.32, 14.33, 14.34, 14.35, 14.36, 14.370000000000001, 
14.38, 14.39, 14.4, 14.41, 14.42, 14.43, 14.44, 14.450000000000001, 14.46, 14.47, 14.48, 
14.49, 14.5, 14.51, 14.52, 14.530000000000001, 14.540000000000001, 14.55, 14.56, 14.57, 
14.58, 14.59, 14.6, 14.61, 14.620000000000001, 14.63, 14.64, 14.65, 14.66, 14.67, 14.68, 
14.69, 14.700000000000001, 14.71, 14.72, 14.73, 14.74, 14.75, 14.76, 14.77, 
14.780000000000001, 14.790000000000001, 14.8, 14.81, 14.82, 14.83, 14.84, 14.85, 14.86, 
14.870000000000001, 14.88, 14.89, 14.9, 14.91, 14.92, 14.93, 14.94, 14.950000000000001, 
14.96, 14.97, 14.98, 14.99, 15, 15.01, 15.02, 15.030000000000001, 15.040000000000001, 
15.05, 15.06, 15.07, 15.08, 15.09, 15.1, 15.11, 15.120000000000001, 15.13, 15.14, 15.15, 
15.16, 15.17, 15.18, 15.19, 15.200000000000001, 15.21, 15.22, 15.23, 15.24, 15.25, 15.26, 
15.27, 15.280000000000001, 15.290000000000001, 15.3, 15.31, 15.32, 15.33, 15.34, 15.35, 
15.36, 15.370000000000001, 15.38, 15.39, 15.4, 15.41, 15.42, 15.43, 15.44, 
15.450000000000001, 15.46, 15.47, 15.48, 15.49, 15.5, 15.51, 15.52, 15.530000000000001, 
15.540000000000001, 15.55, 15.56, 15.57, 15.58, 15.59, 15.6, 15.610000000000001, 
15.620000000000001, 15.63, 15.64, 15.65, 15.66, 15.67, 15.68, 15.69, 15.700000000000001, 
15.71, 15.72, 15.73, 15.74, 15.75, 15.76, 15.77, 15.780000000000001, 15.790000000000001, 
15.8, 15.81, 15.82, 15.83, 15.84, 15.85, 15.860000000000001, 15.870000000000001, 15.88, 
15.89, 15.9, 15.91, 15.92, 15.93, 15.94, 15.950000000000001, 15.96, 15.97, 15.98, 15.99, 16, 
16.01, 16.02, 16.03, 16.04, 16.05, 16.06, 16.07, 16.080000000000002, 16.09, 16.1, 16.11, 
16.12, 16.13, 16.14, 16.15, 16.16, 16.17, 16.18, 16.19, 16.2, 16.21, 16.22, 16.23, 
16.240000000000002, 16.25, 16.26, 16.27, 16.28, 16.29, 16.3, 16.31, 16.32, 
16.330000000000002, 16.34, 16.35, 16.36, 16.37, 16.38, 16.39, 16.4, 16.41, 16.42, 16.43, 
16.44, 16.45, 16.46, 16.47, 16.48, 16.490000000000002, 16.5, 16.51, 16.52, 16.53, 16.54, 
16.55, 16.56, 16.57, 16.580000000000002, 16.59, 16.6, 16.61, 16.62, 16.63, 16.64, 16.65, 
16.66, 16.67, 16.68, 16.69, 16.7, 16.71, 16.72, 16.73, 16.740000000000002, 16.75, 16.76, 
16.77, 16.78, 16.79, 16.8, 16.81, 16.82, 16.830000000000002, 16.84, 16.85, 16.86, 16.87, 
16.88, 16.89, 16.9, 16.91, 16.92, 16.93, 16.94, 16.95, 16.96, 16.97, 16.98, 
16.990000000000002, 17, 17.01, 17.02, 17.03, 17.04, 17.05, 17.06, 17.07, 
17.080000000000002, 17.09, 17.1, 17.11, 17.12, 17.13, 17.14, 17.150000000000002, 17.16, 
17.17, 17.18, 17.19, 17.2, 17.21, 17.22, 17.23, 17.240000000000002, 17.25, 17.26, 17.27, 
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17.28, 17.29, 17.3, 17.31, 17.32, 17.330000000000002, 17.34, 17.35, 17.36, 17.37, 17.38, 
17.39, 17.400000000000002, 17.41, 17.42, 17.43, 17.44, 17.45, 17.46, 17.47, 17.48, 
17.490000000000002, 17.5, 17.51, 17.52, 17.53, 17.54, 17.55, 17.56, 17.57, 
17.580000000000002, 17.59, 17.6, 17.61, 17.62, 17.63, 17.64, 17.650000000000002, 17.66, 
17.67, 17.68, 17.69, 17.7, 17.71, 17.72, 17.73, 17.740000000000002, 17.75, 17.76, 17.77, 
17.78, 17.79, 17.8, 17.81, 17.82, 17.830000000000002, 17.84, 17.85, 17.86, 17.87, 17.88, 
17.89, 17.900000000000002, 17.91, 17.92, 17.93, 17.94, 17.95, 17.96, 17.97, 17.98, 
17.990000000000002, 18, 18.01, 18.02, 18.03, 18.04, 18.05, 18.06, 18.07, 
18.080000000000002, 18.09, 18.1, 18.11, 18.12, 18.13, 18.14, 18.150000000000002, 18.16, 
18.17, 18.18, 18.19, 18.2, 18.21, 18.22, 18.23, 18.240000000000002, 18.25, 18.26, 18.27, 
18.28, 18.29, 18.3, 18.31, 18.32, 18.330000000000002, 18.34, 18.35, 18.36, 18.37, 18.38, 
18.39, 18.400000000000002, 18.41, 18.42, 18.43, 18.44, 18.45, 18.46, 18.47, 18.48, 
18.490000000000002, 18.5, 18.51, 18.52, 18.53, 18.54, 18.55, 18.56, 18.57, 
18.580000000000002, 18.59, 18.6, 18.61, 18.62, 18.63, 18.64, 18.650000000000002, 18.66, 
18.67, 18.68, 18.69, 18.7, 18.71, 18.72, 18.73, 18.740000000000002, 18.75, 18.76, 18.77, 
18.78, 18.79, 18.8, 18.81, 18.82, 18.830000000000002, 18.84, 18.85, 18.86, 18.87, 18.88, 
18.89, 18.900000000000002, 18.91, 18.92, 18.93, 18.94, 18.95, 18.96, 18.97, 18.98, 
18.990000000000002, 19, 19.01, 19.02, 19.03, 19.04, 19.05, 19.06, 19.07, 
19.080000000000002, 19.09, 19.1, 19.11, 19.12, 19.13, 19.14, 19.150000000000002, 19.16, 
19.17, 19.18, 19.19, 19.2, 19.21, 19.22, 19.23, 19.240000000000002, 19.25, 19.26, 19.27, 
19.28, 19.29, 19.3, 19.31, 19.32, 19.330000000000002, 19.34, 19.35, 19.36, 19.37, 19.38, 
19.39, 19.400000000000002, 19.41, 19.42, 19.43, 19.44, 19.45, 19.46, 19.47, 19.48, 
19.490000000000002, 19.5, 19.51, 19.52, 19.53, 19.54, 19.55, 19.56, 19.57, 
19.580000000000002, 19.59, 19.6, 19.61, 19.62, 19.63, 19.64, 19.650000000000002, 19.66, 
19.67, 19.68, 19.69, 19.7, 19.71, 19.72, 19.73, 19.740000000000002, 19.75, 19.76, 19.77, 
19.78, 19.79, 19.8, 19.81, 19.82, 19.830000000000002, 19.84, 19.85, 19.86, 19.87, 19.88, 
19.89, 19.900000000000002, 19.91, 19.92, 19.93, 19.94, 19.95, 19.96, 19.97, 19.98, 
19.990000000000002, 20, 20.01, 20.02, 20.03, 20.04, 20.05, 20.06, 20.07, 
20.080000000000002, 20.09, 20.1, 20.11, 20.12, 20.13, 20.14, 20.150000000000002, 20.16, 
20.17, 20.18, 20.19, 20.2, 20.21, 20.22, 20.23, 20.240000000000002, 20.25, 20.26, 20.27, 
20.28, 20.29, 20.3, 20.31, 20.32, 20.330000000000002, 20.34, 20.35, 20.36, 20.37, 20.38, 
20.39, 20.400000000000002, 20.41, 20.42, 20.43, 20.44, 20.45, 20.46, 20.47, 20.48, 
20.490000000000002, 20.5, 20.51, 20.52, 20.53, 20.54, 20.55, 20.56, 20.57, 
169 
 
Name Value 
20.580000000000002, 20.59, 20.6, 20.61, 20.62, 20.63, 20.64, 20.650000000000002, 20.66, 
20.67, 20.68, 20.69, 20.7, 20.71, 20.72, 20.73, 20.740000000000002, 20.75, 20.76, 20.77, 
20.78, 20.79, 20.8, 20.81, 20.82, 20.830000000000002, 20.84, 20.85, 20.86, 20.87, 20.88, 
20.89, 20.900000000000002, 20.91, 20.92, 20.93, 20.94, 20.95, 20.96, 20.97, 20.98, 
20.990000000000002, 21, 21.01, 21.02, 21.03, 21.04, 21.05, 21.06, 21.07, 
21.080000000000002, 21.09, 21.1, 21.11, 21.12, 21.13, 21.14, 21.150000000000002, 21.16, 
21.17, 21.18, 21.19, 21.2, 21.21, 21.22, 21.23, 21.240000000000002, 21.25, 21.26, 21.27, 
21.28, 21.29, 21.3, 21.31, 21.32, 21.330000000000002, 21.34, 21.35, 21.36, 21.37, 21.38, 
21.39, 21.400000000000002, 21.41, 21.42, 21.43, 21.44, 21.45, 21.46, 21.47, 21.48, 
21.490000000000002, 21.5, 21.51, 21.52, 21.53, 21.54, 21.55, 21.56, 21.57, 
21.580000000000002, 21.59, 21.6, 21.61, 21.62, 21.63, 21.64, 21.650000000000002, 21.66, 
21.67, 21.68, 21.69, 21.7, 21.71, 21.72, 21.73, 21.740000000000002, 21.75, 21.76, 21.77, 
21.78, 21.79, 21.8, 21.81, 21.82, 21.830000000000002, 21.84, 21.85, 21.86, 21.87, 21.88, 
21.89, 21.900000000000002, 21.91, 21.92, 21.93, 21.94, 21.95, 21.96, 21.97, 21.98, 
21.990000000000002, 22, 22.01, 22.02, 22.03, 22.04, 22.05, 22.06, 22.07, 
22.080000000000002, 22.09, 22.1, 22.11, 22.12, 22.13, 22.14, 22.150000000000002, 22.16, 
22.17, 22.18, 22.19, 22.2, 22.21, 22.22, 22.23, 22.240000000000002, 22.25, 22.26, 22.27, 
22.28, 22.29, 22.3, 22.31, 22.32, 22.330000000000002, 22.34, 22.35, 22.36, 22.37, 22.38, 
22.39, 22.400000000000002, 22.41, 22.42, 22.43, 22.44, 22.45, 22.46, 22.47, 22.48, 
22.490000000000002, 22.5, 22.51, 22.52, 22.53, 22.54, 22.55, 22.56, 22.57, 
22.580000000000002, 22.59, 22.6, 22.61, 22.62, 22.63, 22.64, 22.650000000000002, 22.66, 
22.67, 22.68, 22.69, 22.7, 22.71, 22.72, 22.73, 22.740000000000002, 22.75, 22.76, 22.77, 
22.78, 22.79, 22.8, 22.81, 22.82, 22.830000000000002, 22.84, 22.85, 22.86, 22.87, 22.88, 
22.89, 22.900000000000002, 22.91, 22.92, 22.93, 22.94, 22.95, 22.96, 22.97, 22.98, 
22.990000000000002, 23, 23.01, 23.02, 23.03, 23.04, 23.05, 23.06, 23.07, 
23.080000000000002, 23.09, 23.1, 23.11, 23.12, 23.13, 23.14, 23.150000000000002, 23.16, 
23.17, 23.18, 23.19, 23.2, 23.21, 23.22, 23.23, 23.240000000000002, 23.25, 23.26, 23.27, 
23.28, 23.29, 23.3, 23.31, 23.32, 23.330000000000002, 23.34, 23.35, 23.36, 23.37, 23.38, 
23.39, 23.400000000000002, 23.41, 23.42, 23.43, 23.44, 23.45, 23.46, 23.47, 23.48, 
23.490000000000002, 23.5, 23.51, 23.52, 23.53, 23.54, 23.55, 23.56, 23.57, 
23.580000000000002, 23.59, 23.6, 23.61, 23.62, 23.63, 23.64, 23.650000000000002, 23.66, 
23.67, 23.68, 23.69, 23.7, 23.71, 23.72, 23.73, 23.740000000000002, 23.75, 23.76, 23.77, 
23.78, 23.79, 23.8, 23.81, 23.82, 23.830000000000002, 23.84, 23.85, 23.86, 23.87, 23.88, 
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23.89, 23.900000000000002, 23.91, 23.92, 23.93, 23.94, 23.95, 23.96, 23.97, 23.98, 
23.990000000000002, 24, 24.01, 24.02, 24.03, 24.04, 24.05, 24.060000000000002, 24.07, 
24.080000000000002, 24.09, 24.1, 24.11, 24.12, 24.13, 24.14, 24.150000000000002, 24.16, 
24.17, 24.18, 24.19, 24.2, 24.21, 24.22, 24.23, 24.240000000000002, 24.25, 24.26, 24.27, 
24.28, 24.29, 24.3, 24.310000000000002, 24.32, 24.330000000000002, 24.34, 24.35, 24.36, 
24.37, 24.38, 24.39, 24.400000000000002, 24.41, 24.42, 24.43, 24.44, 24.45, 24.46, 24.47, 
24.48, 24.490000000000002, 24.5, 24.51, 24.52, 24.53, 24.54, 24.55, 24.560000000000002, 
24.57, 24.580000000000002, 24.59, 24.6, 24.61, 24.62, 24.63, 24.64, 24.650000000000002, 
24.66, 24.67, 24.68, 24.69, 24.7, 24.71, 24.72, 24.73, 24.740000000000002, 24.75, 24.76, 
24.77, 24.78, 24.79, 24.8, 24.810000000000002, 24.82, 24.830000000000002, 24.84, 24.85, 
24.86, 24.87, 24.88, 24.89, 24.900000000000002, 24.91, 24.92, 24.93, 24.94, 24.95, 24.96, 
24.97, 24.98, 24.990000000000002, 25, 25.01, 25.02, 25.03, 25.04, 25.05, 
25.060000000000002, 25.07, 25.080000000000002, 25.09, 25.1, 25.11, 25.12, 25.13, 25.14, 
25.150000000000002, 25.16, 25.17, 25.18, 25.19, 25.2, 25.21, 25.22, 25.23, 
25.240000000000002, 25.25, 25.26, 25.27, 25.28, 25.29, 25.3, 25.310000000000002, 25.32, 
25.330000000000002, 25.34, 25.35, 25.36, 25.37, 25.38, 25.39, 25.400000000000002, 25.41, 
25.42, 25.43, 25.44, 25.45, 25.46, 25.47, 25.48, 25.490000000000002, 25.5, 25.51, 25.52, 
25.53, 25.54, 25.55, 25.560000000000002, 25.57, 25.580000000000002, 25.59, 25.6, 25.61, 
25.62, 25.63, 25.64, 25.650000000000002, 25.66, 25.67, 25.68, 25.69, 25.7, 25.71, 25.72, 
25.73, 25.740000000000002, 25.75, 25.76, 25.77, 25.78, 25.79, 25.8, 25.810000000000002, 
25.82, 25.830000000000002, 25.84, 25.85, 25.86, 25.87, 25.88, 25.89, 25.900000000000002, 
25.91, 25.92, 25.93, 25.94, 25.95, 25.96, 25.97, 25.98, 25.990000000000002, 26, 26.01, 
26.02, 26.03, 26.04, 26.05, 26.060000000000002, 26.07, 26.080000000000002, 26.09, 26.1, 
26.11, 26.12, 26.13, 26.14, 26.150000000000002, 26.16, 26.17, 26.18, 26.19, 26.2, 26.21, 
26.22, 26.23, 26.240000000000002, 26.25, 26.26, 26.27, 26.28, 26.29, 26.3, 
26.310000000000002, 26.32, 26.330000000000002, 26.34, 26.35, 26.36, 26.37, 26.38, 26.39, 
26.400000000000002, 26.41, 26.42, 26.43, 26.44, 26.45, 26.46, 26.47, 26.48, 
26.490000000000002, 26.5, 26.51, 26.52, 26.53, 26.54, 26.55, 26.560000000000002, 26.57, 
26.580000000000002, 26.59, 26.6, 26.61, 26.62, 26.63, 26.64, 26.650000000000002, 26.66, 
26.67, 26.68, 26.69, 26.7, 26.71, 26.72, 26.73, 26.740000000000002, 26.75, 26.76, 26.77, 
26.78, 26.79, 26.8, 26.810000000000002, 26.82, 26.830000000000002, 26.84, 26.85, 26.86, 
26.87, 26.88, 26.89, 26.900000000000002, 26.91, 26.92, 26.93, 26.94, 26.95, 26.96, 26.97, 
26.98, 26.990000000000002, 27, 27.01, 27.02, 27.03, 27.04, 27.05, 27.060000000000002, 
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27.07, 27.080000000000002, 27.09, 27.1, 27.11, 27.12, 27.13, 27.14, 27.150000000000002, 
27.16, 27.17, 27.18, 27.19, 27.2, 27.21, 27.22, 27.23, 27.240000000000002, 27.25, 27.26, 
27.27, 27.28, 27.29, 27.3, 27.310000000000002, 27.32, 27.330000000000002, 27.34, 27.35, 
27.36, 27.37, 27.38, 27.39, 27.400000000000002, 27.41, 27.42, 27.43, 27.44, 27.45, 27.46, 
27.47, 27.48, 27.490000000000002, 27.5, 27.51, 27.52, 27.53, 27.54, 27.55, 
27.560000000000002, 27.57, 27.580000000000002, 27.59, 27.6, 27.61, 27.62, 27.63, 27.64, 
27.650000000000002, 27.66, 27.67, 27.68, 27.69, 27.7, 27.71, 27.72, 27.73, 
27.740000000000002, 27.75, 27.76, 27.77, 27.78, 27.79, 27.8, 27.810000000000002, 27.82, 
27.830000000000002, 27.84, 27.85, 27.86, 27.87, 27.88, 27.89, 27.900000000000002, 27.91, 
27.92, 27.93, 27.94, 27.95, 27.96, 27.97, 27.98, 27.990000000000002, 28, 28.01, 28.02, 
28.03, 28.04, 28.05, 28.060000000000002, 28.07, 28.080000000000002, 28.09, 28.1, 28.11, 
28.12, 28.13, 28.14, 28.150000000000002, 28.16, 28.17, 28.18, 28.19, 28.2, 28.21, 28.22, 
28.23, 28.240000000000002, 28.25, 28.26, 28.27, 28.28, 28.29, 28.3, 28.310000000000002, 
28.32, 28.330000000000002, 28.34, 28.35, 28.36, 28.37, 28.38, 28.39, 28.400000000000002, 
28.41, 28.42, 28.43, 28.44, 28.45, 28.46, 28.47, 28.48, 28.490000000000002, 28.5, 28.51, 
28.52, 28.53, 28.54, 28.55, 28.560000000000002, 28.57, 28.580000000000002, 28.59, 28.6, 
28.61, 28.62, 28.63, 28.64, 28.650000000000002, 28.66, 28.67, 28.68, 28.69, 28.7, 28.71, 
28.72, 28.73, 28.740000000000002, 28.75, 28.76, 28.77, 28.78, 28.79, 28.8, 
28.810000000000002, 28.82, 28.830000000000002, 28.84, 28.85, 28.86, 28.87, 28.88, 28.89, 
28.900000000000002, 28.91, 28.92, 28.93, 28.94, 28.95, 28.96, 28.97, 28.98, 
28.990000000000002, 29, 29.01, 29.02, 29.03, 29.04, 29.05, 29.060000000000002, 29.07, 
29.080000000000002, 29.09, 29.1, 29.11, 29.12, 29.13, 29.14, 29.150000000000002, 29.16, 
29.17, 29.18, 29.19, 29.2, 29.21, 29.22, 29.23, 29.240000000000002, 29.25, 29.26, 29.27, 
29.28, 29.29, 29.3, 29.310000000000002, 29.32, 29.330000000000002, 29.34, 29.35, 29.36, 
29.37, 29.38, 29.39, 29.400000000000002, 29.41, 29.42, 29.43, 29.44, 29.45, 29.46, 29.47, 
29.48, 29.490000000000002, 29.5, 29.51, 29.52, 29.53, 29.54, 29.55, 29.560000000000002, 
29.57, 29.580000000000002, 29.59, 29.6, 29.61, 29.62, 29.63, 29.64, 29.650000000000002, 
29.66, 29.67, 29.68, 29.69, 29.7, 29.71, 29.72, 29.73, 29.740000000000002, 29.75, 29.76, 
29.77, 29.78, 29.79, 29.8, 29.810000000000002, 29.82, 29.830000000000002, 29.84, 29.85, 
29.86, 29.87, 29.88, 29.89, 29.900000000000002, 29.91, 29.92, 29.93, 29.94, 29.95, 29.96, 
29.97, 29.98, 29.990000000000002, 30, 30.01, 30.02, 30.03, 30.04, 30.05, 
30.060000000000002, 30.07, 30.080000000000002, 30.09, 30.1, 30.11, 30.12, 30.13, 30.14, 
30.150000000000002, 30.16, 30.17, 30.18, 30.19, 30.2, 30.21, 30.22, 30.23, 
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30.240000000000002, 30.25, 30.26, 30.27, 30.28, 30.29, 30.3, 30.310000000000002, 30.32, 
30.330000000000002, 30.34, 30.35, 30.36, 30.37, 30.38, 30.39, 30.400000000000002, 30.41, 
30.42, 30.43, 30.44, 30.45, 30.46, 30.47, 30.48, 30.490000000000002, 30.5, 30.51, 30.52, 
30.53, 30.54, 30.55, 30.560000000000002, 30.57, 30.580000000000002, 30.59, 30.6, 30.61, 
30.62, 30.63, 30.64, 30.650000000000002, 30.66, 30.67, 30.68, 30.69, 30.7, 30.71, 30.72, 
30.73, 30.740000000000002, 30.75, 30.76, 30.77, 30.78, 30.79, 30.8, 30.810000000000002, 
30.82, 30.830000000000002, 30.84, 30.85, 30.86, 30.87, 30.88, 30.89, 30.900000000000002, 
30.91, 30.92, 30.93, 30.94, 30.95, 30.96, 30.970000000000002, 30.98, 30.990000000000002, 
31, 31.01, 31.02, 31.03, 31.04, 31.05, 31.060000000000002, 31.07, 31.080000000000002, 
31.09, 31.1, 31.11, 31.12, 31.13, 31.14, 31.150000000000002, 31.16, 31.17, 31.18, 31.19, 
31.2, 31.21, 31.220000000000002, 31.23, 31.240000000000002, 31.25, 31.26, 31.27, 31.28, 
31.29, 31.3, 31.310000000000002, 31.32, 31.330000000000002, 31.34, 31.35, 31.36, 31.37, 
31.38, 31.39, 31.400000000000002, 31.41, 31.42, 31.43, 31.44, 31.45, 31.46, 
31.470000000000002, 31.48, 31.490000000000002, 31.5, 31.51, 31.52, 31.53, 31.54, 31.55, 
31.560000000000002, 31.57, 31.580000000000002, 31.59, 31.6, 31.61, 31.62, 31.63, 31.64, 
31.650000000000002, 31.66, 31.67, 31.68, 31.69, 31.7, 31.71, 31.720000000000002, 31.73, 
31.740000000000002, 31.75, 31.76, 31.77, 31.78, 31.79, 31.8, 31.810000000000002, 31.82, 
31.830000000000002, 31.84, 31.85, 31.86, 31.87, 31.88, 31.89, 31.900000000000002, 31.91, 
31.92, 31.93, 31.94, 31.95, 31.96, 31.970000000000002, 31.98, 31.990000000000002, 32, 
32.01, 32.02, 32.03, 32.04, 32.05, 32.06, 32.07, 32.08, 32.09, 32.1, 32.11, 32.12, 32.13, 32.14, 
32.15, 32.160000000000004, 32.17, 32.18, 32.19, 32.2, 32.21, 32.22, 32.230000000000004, 
32.24, 32.25, 32.26, 32.27, 32.28, 32.29, 32.3, 32.31, 32.32, 32.33, 32.34, 32.35, 32.36, 32.37, 
32.38, 32.39, 32.4, 32.410000000000004, 32.42, 32.43, 32.44, 32.45, 32.46, 32.47, 
32.480000000000004, 32.49, 32.5, 32.51, 32.52, 32.53, 32.54, 32.55, 32.56, 32.57, 32.58, 
32.59, 32.6, 32.61, 32.62, 32.63, 32.64, 32.65, 32.660000000000004, 32.67, 32.68, 32.69, 
32.7, 32.71, 32.72, 32.730000000000004, 32.74, 32.75, 32.76, 32.77, 32.78, 32.79, 32.8, 
32.81, 32.82, 32.83, 32.84, 32.85, 32.86, 32.87, 32.88, 32.89, 32.9, 32.910000000000004, 
32.92, 32.93, 32.94, 32.95, 32.96, 32.97, 32.980000000000004, 32.99, 33, 33.01, 33.02, 
33.03, 33.04, 33.05, 33.06, 33.07, 33.08, 33.09, 33.1, 33.11, 33.12, 33.13, 33.14, 33.15, 
33.160000000000004, 33.17, 33.18, 33.19, 33.2, 33.21, 33.22, 33.230000000000004, 33.24, 
33.25, 33.26, 33.27, 33.28, 33.29, 33.3, 33.31, 33.32, 33.33, 33.34, 33.35, 33.36, 33.37, 33.38, 
33.39, 33.4, 33.410000000000004, 33.42, 33.43, 33.44, 33.45, 33.46, 33.47, 
33.480000000000004, 33.49, 33.5, 33.51, 33.52, 33.53, 33.54, 33.55, 33.56, 33.57, 33.58, 
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33.59, 33.6, 33.61, 33.62, 33.63, 33.64, 33.65, 33.660000000000004, 33.67, 33.68, 33.69, 
33.7, 33.71, 33.72, 33.730000000000004, 33.74, 33.75, 33.76, 33.77, 33.78, 33.79, 33.8, 
33.81, 33.82, 33.83, 33.84, 33.85, 33.86, 33.87, 33.88, 33.89, 33.9, 33.910000000000004, 
33.92, 33.93, 33.94, 33.95, 33.96, 33.97, 33.980000000000004, 33.99, 34, 34.01, 34.02, 
34.03, 34.04, 34.05, 34.06, 34.07, 34.08, 34.09, 34.1, 34.11, 34.12, 34.13, 34.14, 34.15, 
34.160000000000004, 34.17, 34.18, 34.19, 34.2, 34.21, 34.22, 34.230000000000004, 34.24, 
34.25, 34.26, 34.27, 34.28, 34.29, 34.300000000000004, 34.31, 34.32, 34.33, 34.34, 34.35, 
34.36, 34.37, 34.38, 34.39, 34.4, 34.410000000000004, 34.42, 34.43, 34.44, 34.45, 34.46, 
34.47, 34.480000000000004, 34.49, 34.5, 34.51, 34.52, 34.53, 34.54, 34.550000000000004, 
34.56, 34.57, 34.58, 34.59, 34.6, 34.61, 34.62, 34.63, 34.64, 34.65, 34.660000000000004, 
34.67, 34.68, 34.69, 34.7, 34.71, 34.72, 34.730000000000004, 34.74, 34.75, 34.76, 34.77, 
34.78, 34.79, 34.800000000000004, 34.81, 34.82, 34.83, 34.84, 34.85, 34.86, 34.87, 34.88, 
34.89, 34.9, 34.910000000000004, 34.92, 34.93, 34.94, 34.95, 34.96, 34.97, 
34.980000000000004, 34.99, 35} 
Relative tolerance 0.00001 
 
 
Fully Coupled 1 (fc1) 
General 
Name Value 
Linear solver Direct 1 
 
Direct 1 (d1) 
General 
Name Value 
Solver PARDISO 
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4 Results 
4.1 Data Sets 
4.1.1 study 1 specified concentration bcs 
Selection 
Geometric entity level Domain 
Selection Geometry geom1 
 
Solution 
Name Value 
Solution Solver 1 
Model Save Point Geometry 1 
 
4.1.2 void boundary 
Selection 
Geometric entity level Boundary 
Selection Boundaries 8–9 
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Data 
Name Value 
Data set study 1 specified concentration bcs 
 
4.1.3 geometry fram 
Selection 
Geometric entity level Domain 
Selection No domains 
 
Solution 
Name Value 
Solution Solver 1 
Model Save Point Geometry 1 
Frame Geometry  (r, phi, z) 
 
4.1.4 Revolution of void 
Data 
Name Value 
Data set study 1 specified concentration bcs 
 
Revolution layers 
Name Value 
Start angle -180 
Revolution angle -270 
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4.2 Derived Values 
4.2.1 Surface Integration 1 
Selection 
Geometric entity level Domain 
Selection Domain 2 
 
Data 
Name Value 
Data set study 1 specified concentration bcs 
 
Expression 
Name Value 
Expression chds.dfluxMag_c 
Unit mol/s 
Description Diffusive flux magnitude 
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4.3 Tables 
4.3.1 Table 1 
Surface Integration 1 (chds.dfluxMag_c) 
Table 1 
Time Diffusive flux magnitude (mol/s) 
0 1.2231e-11 
1e-10 1.21457e-11 
2e-10 1.20989e-11 
3e-10 1.20685e-11 
4e-10 1.2053e-11 
5e-10 1.20475e-11 
6e-10 1.20485e-11 
7e-10 1.20536e-11 
8e-10 1.2061e-11 
9e-10 1.20699e-11 
1e-9 1.20794e-11 
 
4.3.2 Evaluation 2D 
Interactive 2D values 
Evaluation 2D 
x y Value 
0.00175 0.34519 51.00675 
0.00166 0.34494 46.76257 
0.00186 0.34656 63.59923 
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x y Value 
0.00332 0.34891 63.6 
0.00273 0.34275 63.60004 
0.00373 0.34783 63.6 
0.0079 0.36109 77.65023 
0.012 0.35917 62.28296 
0.00735 0.34156 63.6 
0.0058 0.34494 46.7394 
0.00379 0.34503 46.7394 
0.00343 0.34494 46.7394 
0.00361 0.34512 48.0028 
8.20763e-4 0.34497 46.7394 
2.95928e-4 0.34504 46.7394 
1.87341e-4 0.34516 50.71669 
1.60194e-4 0.34524 55.0571 
1.69243e-4 0.34535 60.90876 
2.7783e-4 0.34498 46.7394 
0.00153 0.34633 63.60196 
0.00156 0.34369 63.60276 
2.95928e-4 0.34311 63.6 
0.00199 0.34537 58.60821 
0.00199 0.34498 46.7394 
0.00129 0.34567 63.60743 
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x y Value 
0.00164 0.3455 63.58497 
0.00165 0.34539 63.65851 
0.00167 0.34507 35.34549 
0.00165 0.345 35.34549 
0.00231 0.34499 35.61872 
0.00216 0.34495 35.61871 
0.00176 0.34496 35.61871 
0.00229 0.34503 35.61872 
0.00303 0.34504 35.61887 
0.00154 0.34503 35.61887 
3.95307e-4 0.34502 35.31339 
4.88527e-4 0.34522 63.72887 
4.9119e-4 0.3452 58.78926 
5.23152e-4 0.34515 47.74217 
5.28478e-4 0.34513 43.42566 
3.78293e-6 0.3449 35.31339 
1.44366e-5 0.34487 46.49422 
9.10979e-6 0.34484 52.41728 
1.17732e-5 0.34482 57.8817 
1.44366e-5 0.34481 61.14128 
1.97635e-5 0.34479 63.61927 
9.10979e-6 0.34476 63.60668 
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x y Value 
3.57441e-5 0.3447 63.59726 
1.82233e-4 0.34463 63.5895 
4.72546e-4 0.3445 63.60462 
5.17825e-4 0.34461 63.57977 
4.43249e-4 0.3447 63.61118 
2.94097e-4 0.34471 63.60381 
2.94097e-4 0.34471 63.60381 
4.7521e-4 0.34528 63.63495 
7.6286e-4 0.34528 63.68809 
5.47122e-4 0.3447 63.63086 
2.56809e-4 0.34524 63.65018 
1.63044e-4 0.34515 49.59931 
1.46421e-4 0.34528 63.33096 
9.8061e-5 0.34532 63.88713 
2.41628e-4 0.34535 63.74749 
5.06661e-5 0.34484 52.69483 
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4.4 Plot Groups 
4.4.1 Concentration (chds) 
 
Time=10 Surface: Concentration (mol/m
3
) 
4.4.2 1D Plot Group 2 
 
Point Graph: Concentration (mol/m
3
) 
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4.4.3 2D Plot Group 3 
 
Time=10 Contour: Concentration (mol/m
3
) 
4.4.4 3D Plot Group 4 
 
Time=10 Volume: Concentration (mol/m
3
) 
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Appendix D Study of Diffusion in 1D model 
and 2D model 
D. 1 Introduction 
A study of diffusion during pressurization process of hydrogen gas in high density 
polyethylene (HDPE)  by COMSOL is given in this Appendix D. Purpose of this study is 
to compare difference of diffusive flux in 1D model and 2D model. The first part of the 
Appendix D shows details of 1D model setup and its results. The second part of the 
Appendix D shows 2D model set up and its results. The last part of the Appendix D, a 
comparison of diffusive flux at steady-state in 1D model and 2D model is summarized. 
D. 2 1D Model descriptions 
Short report provided by COMSOL in 1D model is given as 1D model diffusion. The 
geometry of 1D model is shown in Section 2.1 of the report. The HDPE domain with 
thickness of 0.363    is in concentration difference environment in  coordinate. At  
                     , the concentration is constant at 2741.7        and 0 
      , respectively. The HDPE is initially at zero concentration. Table in Section 1.1 
of the report shows parameters used in the study. The study in COMSOL is set to be 
Transport of Diluted Species (chds) without convection as shown in Section 2.3 of the 
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report. After 60,000   of simulation, the diffusion process reached the steady-state as 
shown in Section 4.2.1 of the report. 
The diffusive flux at the steady-state (            is                      
as shown in Section  4.2.2 (1D plot group 2) of the report. 
D. 3 2D model descriptions 
Short report provided by COMSOL in 2D model is given as 2D model diffusion. The 
geometry of 2D model is shown in Section 2.2 of the 2D model diffusion report. The 
HDPE domain (r1) has width of 0.363    and length of 6.2   . The uni2 and uni3 are 
other two domains designated as barrier to the flow (extremely low diffusivity 
coefficient). They have the L-shaped with their shorter width of 0.363    and their 
longer length of 1.7    as shown. At                       , the concentration is 
constant at 0       and 2741.7       , respectively. Table in Section 1.1 of the 
report shows parameters used in the study. The study in COMSOL is set to be Transport 
of Diluted Species (chds) without convection as shown in Section 3 of the report. After 
60,000  , the diffusion process reached the steady-state as shown in Section 4.2.4 (1D 
plot group 5 ) of the report. 
The diffusive flux at the steady-state (            is shown in Section 4.2.2 (1D 
plot group 3) of the report. It clearly show edges effect at          and at         . 
The diffusive flux magnitude jumps to high rate at the edges and declines quickly to 
constant rate at location away from the edges (flow area). The average value of the 
diffusive flux magnitude in the flow area (         to            at steady-state is 
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                     and the average value of the diffusive flux magnitude at 
steady-state is                      if neglected the first two values at the edge.  
D. 4 Conclusion 
Comparing the diffusive flux magnitude of a gas in HDPE domain during pressurization 
process of 1D model and 2D model, the maximum percentage difference is 16.23 percent. 
If neglecting the first two values at the edges, the percentage difference is 12.34 percent.  
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1 Global Definitions 
1.1 Parameters 1 
Parameters 
Name Expression Description 
D1 1.05e-6[cm^2/s]  
S 7.953e-14[kmol/(cm^3*Pa)]  
P 5000[psi]  
c1 S*P  
dt 30  
tend 2000*dt  
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2 Model 1 (mod1) 
2.1 Geometry 1 
 
Geometry 1 
units 
Length unit cm 
Angular unit deg 
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2.2 Materials 
2.2.1 High density polyethylene (HDPE) [solid] 
 
High density polyethylene (HDPE) [solid] 
Selection 
Geometric entity level Domain 
Selection Domain 1 
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2.3 Transport of Diluted Species (chds) 
 
Transport of Diluted Species 
Features 
Diffusion 
No Flux 1 
Initial Values 1 
Concentration 1 
Concentration 2 
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2.4 Mesh 1 
 
Mesh 1 
Complete mesh consists of 100 elements. 
3 Study 1 
3.1 Time Dependent 
Times: range(0,dt,tend) 
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Mesh selection 
Geometry Mesh 
Geometry 1 (geom1) mesh1 
 
Physics selection 
Physics Discretization 
Transport of Diluted Species (chds) physics 
 
4 Results 
4.1 Data Sets 
4.1.1 Solution 1 
Selection 
Geometric entity level Domain 
Selection Geometry geom1 
 
Solution 
Name Value 
Solution Solver 1 
Model Save Point Geometry 1 
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4.2 Plot Groups 
4.2.1 Concentration (chds) 
 
Line Graph: Diffusive flux, x component (mol/m
3
) 
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4.2.2 1D Plot Group 2 
 
Point Graph: Total flux magnitude (mol/(m
2
*s)) 
  
195 
 
 
2D  Model Diffusion 
Date 
Nov 23, 2012 12:13:02 AM 
196 
 
Contents 
1. Global Definitions ........................................................................................................... 197 
1.1. Parameters 1 ............................................................................................................. 197 
2. Model 1 (mod1) ............................................................................................................... 198 
2.1. Definitions ................................................................................................................ 198 
2.2. Geometry 1 ............................................................................................................... 198 
2.3. Materials ................................................................................................................... 199 
2.4. Transport of Diluted Species (chds) ......................................................................... 201 
2.5. Mesh 1 ...................................................................................................................... 202 
3. Study 1 ............................................................................................................................. 203 
3.1. Time Dependent ....................................................................................................... 203 
4. Results ............................................................................................................................. 204 
4.1. Data Sets ................................................................................................................... 204 
4.2. Plot Groups ............................................................................................................... 205 
 
197 
 
1 Global Definitions 
4.3 Parameters 1 
Parameters 
Name Expression Description 
W1 6.2[cm]  
W2 2.8[cm]  
h1 0.363[cm]  
D1 1.05e-6[cm^2/s]  
P 5000[psi]  
S 7.953e-14[kmol/(cm^3*Pa)]  
c1 S*P  
c2 0  
c0 0  
dt 30  
tend 2000*dt  
D2 1.05e-15[cm^2/s]  
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2 Model 1 (mod1) 
4.4 Definitions 
2.1.1 Coordinate Systems 
Boundary System 1 
Coordinate system type Boundary system 
Identifier sys1 
 
4.5 Geometry 1 
 
Geometry 1 
units 
Length unit cm 
Angular unit deg 
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4.6 Materials 
2.1.2 High density polyethylene (HDPE) [solid] 
 
High density polyethylene (HDPE) [solid] 
Selection 
Geometric entity level Domain 
Selection Domain 2 
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2.1.3 High-strength alloy steel 
 
High-strength alloy steel 
Selection 
Geometric entity level Domain 
Selection Domains 1, 3–4 
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4.7 Transport of Diluted Species (chds) 
 
Transport of Diluted Species 
Features 
Diffusion 
No Flux 1 
Initial Values 1 
Diffusion 2 
Open Boundary 1 
Concentration 1 
Concentration 2 
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4.8 Mesh 1 
 
Mesh 1 
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3 Study 1 
4.9 Time Dependent 
Times: range(0,dt,tend) 
Mesh selection 
Geometry Mesh 
Geometry 1 (geom1) mesh1 
 
Physics selection 
Physics Discretization 
Transport of Diluted Species (chds) physics 
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4 Results 
4.10 Data Sets 
4.1.1 Solution 1 
Selection 
Geometric entity level Domain 
Selection Geometry geom1 
 
Solution 
Name Value 
Solution Solver 1 
Model Save Point Geometry 1 
 
4.1.2 Cut Line 2D 1 
Data 
Name Value 
Data set Solution 1 
 
Advanced 
Name Value 
Space variable cln1x 
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4.1.3 Cut Line 2D 2 
Data 
Name Value 
Data set Solution 1 
 
Advanced 
Name Value 
Space variable cln2x 
 
4.11 Plot Groups 
4.1.4 Concentration (chds) 
 
Time=21000 Contour: Concentration (mol/m
3
) 
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4.1.5 1D Plot Group 3 
 
Line Graph: Total flux magnitude (mol/(m
2
*s)) 
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4.1.6 1D Plot Group 4 
 
Line Graph: Total flux, y component (mol/(m
2
*s)) 
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4.1.7 1D Plot Group 5 
 
Line Graph: Concentration (mol/m
3
) 
 
